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ABSTRACT
This research study involved an experimental and theo-
retical investigation of the vibrations induced in thin-walled
cylindrical pipes by the passage of internal turbulent water
flow.
A theoretical analysis based on the application of ran-
dom vibration theory was developed for predicting the vibration-
al response of thin-walled pipes to the turbulent wall pressure
field at high mode orders and frequencies.
A continuously operating water flow facility capable
of producing Reynolds numbers of 2 x 10 6 was designed and con-
structed for this investigation. The noise levels in this facil-
ity were reduced to values commensurate with the measurement of
the turbulent wall pressure fluctuations in a long cylindrical
pipe section.
Wall-mounted miniature pressure transducers were fabri-
cated to record the wall pressure fluctuations in turbulent pipe
flow. The statistical properties of the wall pressure field
determined from these recordings included the power spectral
density and the space-time and spatial correlations of the wall
pressures in i/3-octave frequency bands. The data obtained
from these measurements and also from determining the pipe damp-
ing factor were used in calculating the pipe wall response to
turbulent flow excitation.
Measurements of the vibrational response to fully-devel-
oped turbulent flow of a thin-walled pipe in i/3-octave bands
showed very good agreement with the predicted values of the re-
sponse over a wide range of flow speeds and exciting frequencies.
The results obtained from measuring the pipe wall response at
various positions downstream of a rigid pipe bend and orifice
plate were essentially identical to those for fully-developed
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flow conditions. It was found that the power spectral density
of the pipe wall displacement could be expressed as a function
of the Strouhal number. The results indicated that the dis-
placement power spectral density of the pipe wall vibrations
decreased at the rate of 15 dB/octave at low Strouhal numbers
and 18 dB/octave at high Strouhal numbers.
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I. INTRODUCTION
This report describes the work carried out for the
Marshall Space Flight Center on Contracts NAS8-I1248 and NAS8-
20325. The work performed on the former contract was concerned
with an experimental and theoretical investigation of the vibra-
tions induced in thin-walled pipes by the passage of fully-
developed turbulent water flow. A final report (1) describing
the results and conclusions of this work was submitted to the
Marshall Space Flight Center in September 1965.
The current Contract NAS8-20325 was an extension of the
above investigation to study the effect of varying flow condi-
tions on the vibrational response of thin-walled pipes. These
conditions included the influence of pipe bends and constric-
tions on the response of thin-walled pipes coupled to them. The
overall aim of these programs was to develop methods for predict-
ing the response of thin-walled pipes to varying flow conditions.
The approach used in these investigations was essentially
as follows. First, to develop an analysis based on random vibra-
tion theory that could be used to predict the response of a pipe
to varying flow conditions. Second, to measure those statisti-
cal properties of the wall pressure fields that excite the pipe
into vibration. Third, to employ the data obtained from these "
measurements to calculate the pipe wall response and to compare
the predicted response with that determined experimentally.
Previous work (2'3) on structural excitation by turbulent
flows has been primarily concerned with the response at low mode
orders and frequencies. In this case, the response is generally
dominated by widely separated resonances. To calculate the re-
sponse under these conditions requires a knowledge of the fre-
quencies and mode shapes. This complicates both the measurement
and calculation since the response is governed by the structural
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end conditions which are difficult to simulate experimentally.
In the present program the pipe vibrations are investigated at
high frequencies and mode orders. This permits the average re-
sponse over a finite number of modes to be determined using the
concept of modal density.
In the multi-modal approach the pipe wall displacements
of particular points at particular instants are of no real con-
cern, instead the average response is that averaged over the
pipe surface both in space and time. Generally it is possible
to calculate for a given structure the average number of reson-
ances in a given frequency band. The average response is given
by the product of the average response per resonant mode and the
average number of modes in a frequency band. This process can
be repeated for different bandwidths and the overall response
computed. Such an approach can only be carried out where there
are a finite number of individual resonances in a frequency band
as would be the case at high mode orders and frequencies where
a large number of modes are excited by a broad band of exciting
frequencies. This has been assumed to be true for the case of
turbulent flow excited pipe wall vibrations since the areas over
which the pressures are correlated are small compared with the
surface area and the excitation of each mode at high frequencies
can be regarded as being independent o£ the mode shape.
It has been shown in the final report (1) on Contract
NAS8-I1248, that by application of the above principles, the
displacement power spectral density of a thin-walled pipe to
fully-developed flow can be calculated. The response is charac-
terized in terms of the average displacement over the surface of
the pipe at high mode orders.
The theoretical approach outlined in Section II follows
the general development used in Ref. i. However, a correction
factor that was omitted in the former analysis is included to
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account for the virtual mass of the water-filled pipe. Fur-
thermore, the modal density has been calculated from existing
theory instead of solving for the natural frequencies of vibra-
tion of the pipe which tends to complicate the calculation. In
Section III a description is given of the modified water flow
loop facility. The instrumentation that was used for determining
the statistical properties of the wall pressure field in turbu-
lent flow is also described as well as the equipment used for
measuring the pipe wall response. Section IV discusses the sta-
tistical data obtained from analyzing the recordings made of
the wall pressure fluctuations that were subsequently used for
calculating the response. In Section V the method employed for
_mputing the response is described. A computational flow chart
is included to show the steps in the calculation procedure and
how the response can be predicted from a knowledge of the basic
flow and structural variables. Section VI describes the results
obtained from measurements of the wall displacement spectra of
a long cylindrical pipe to the following flow conditions: (i)
fully-developed turbulence, (2) flow generated by a 90 ° pipe
bend, and (3) flow generated by an orifice plate. The response
data obtained from these varying flow conditions are compared
with the prediction calculated for fully-developed turbulent
pipe flow.
It is shown that very good agreement between the measured
and predicted values of the response were obtained for fully-
developed turbulent flow. The experimental data for the response
of a thin-walled pipe coupled to the pipe bend and orifice plate
were found to be essentially of the same magnitude as that mea-
sured and predicted for fully-developed turbulence. This result
implied that although the basic structure of the turbulence in
pipe flow was altered by the presence of the pipe bends and the
orifice, the actual wall pressure field and hence the response
was unaffected by the varying flow conditions for the same mean
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flow speeds and frequencies. An interesting exception occurred
when the flow downstream of the orifice plate was partially
cavitating. In this case the mean square displacement response
was found to increase by about 3 dB above that measured for a
non-cavitating flow. This indicated that cavitation is an im-
portant source of pipe excitation and must be accounted for in
the design of piping systems delivering liquid flows. It is
recommended that further work be carried out to investigate the
response of thin-walled pipes at high frequencies to fluid
cavitation.
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II. THEORETICAL CONSIDERATIONS
2.1 ANALYSIS
In this section it is proposed to give an outline of
the theory used for predicting the response of a thin-walled
cylindrical pipe to the wall pressure field arising from the
passage of fully-developed turbulent flow. The approach used
basically follows that previously described by the writer in
Ref. i using the concept of joint acceptance-introduced by
Powell (4) .
It will be assumed that the thin-walled pipe can be
approximated by a long uniform isotropic cylindrical shell.
The random vibrations of the shell wall will be produced by
random fluctuations in the pressures over the inside surface
of the shell due to fully-developed turbulent water flow. The
wall pressure field will be considered statistically stationary
and spatially homogeneous over the inner shell wall.
0
The following assumptions will be made regarding the
response of the shell wall to the forcing pressure fluctuations:
i. The fluctuating fluid pressures in turbulent
flow give rise to small radial vibrations'of
the shell wall.
2' The forcing pressure field has a wide frequency
spectrum and excites a large number of natural
modes of vibration.
3. Axial and circumferential standing waves are
induced in the shell wall.
4. The low order modes of vibration, which may
exhibit individual widely spaced resonant peaks,
are neglected.
5. At higher frequencies and mode orders, the
natural frequencies are assumed to be bunched
lit RESEARCH INSTITUTE
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sufficiently close together to approach a con-
dition of continuous resonant response. In
other words, the response is not dominated by
several discrete frequencies, but is essentially
a smooth continuous function.
6. The areas over which the pressures are corre-
lated are small compared with the dimensions
of the cylinder.
7. The average response is not affected by the
cylinder end conditions.
8. A finite number of resonances are contained in
each selected narrow frequency band.
Consider the coordinates (XlYl) and (x2Y2) on the sur-
face of a cylindrical shell of length L, radius a, and wall
thickness h, shown in Fig. i. Let the x-axis be the longitudinal
axis of the cylinder, that is, the flow direction, and the y-
direction the cylinder circumference.
If m and n are the mode numbers in the longitudinal
x-direction and circumferential y-direction, the mode shapes at
points (XlYl) and (x2Y2) for small radial displacements are
given by
m_x i ny i
_mn(xlYl) = sin- cos-
L a
m_x 2 nY 2
_mn(X2Y2) = sin- cos --
e a
(2.1)
The space average value of the power spectral density [_d(_)]av
of the surface displacement of the pipe wall is given by( 1)
2(x,y)] _p (_0) A2j 2 (_)
[_d(_0)]av = _ [_mn av
m, n IZmn(_) 12
(2.2)
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where
jm(e) = _//ffRf(Xl,Yl;X2Y2;O_)_mn(xlYl)_mn(X2Y2)dxldYldXmdY2
(2.3)
_p(e) is the power spectral density of the wall pressure field,
A is the surface area of the pipe and Rf(XlYl;X2Y2;_) represents
the spatial correlation between the pressures at points (xlY I)
and (x2Y 2) in a narrow band Ae, and j2(_) is the joint accept-
ance, a pure number. The joint acceptance is a measure of the
effectiveness of the pressure field in driving a particular mode
of vibration in a given frequency band.
ance, Zmn(e) , of the mn th mode is
IZmn (¢°)12 = Mmn 2 l(O0mn2 -
L
The mechanical imped-
2 2 _mn2_ 2]e ) + (2.4)
th
Qmn 2 J
Mmn is the generalized mass for the mn mode, Qmn is the damp-
ing factor, and _mn is the natural frequency of the mn th mode.
Suppose W(x,y;t) is the radial displacement of the shell
wall due to the fluctuating pressure p(x,y;t) at time t and at
point (x,y) on the surface of the shell. The overall mean square
displacement of the shell wall may be obtained from the power
spectral density of the displacement, that is
[ _W2_ ]my = i [_d(_)]av de (2.5)
-1o
where the integration is performed over all frequencies.
Thus, from Eq. (2.2), the overall mean square displace-
ment[ <W2> ]av is given by
[ <W2> lay = _ [_2(x'Y)]av
m,n
A2 _0 _ _p(co)j2(e)IZmn (e) I2 de
(2.6)
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For a simply supported cylinder having orthogonal modes m and n,
L 2_a
2(x,Y)]av - i f f
2_aL J0 J0 _mn2(X'Y)
[_mn dxdy
IL f02 _a
i 2n i
sin 2 m___x cos -- y dxdy = --
2_aL _ L a 4
(2.7)
Substituting Eq. (2.7) into (2.6) gives
A2_ f0_ _p(_)J2(e)[ _W2> ]av - 4 m,n IZmn(e)_ 2 de (2.8)
The power spectral density z,_(e).is a function of frequency e,
and the joint acceptance, j Le) is a function of both frequency
and bandwidth. It will be assumed that for resonant response
conditions, the above quantities are essentially constant over
the narrow bandwidth A_mn of the mn mode. The value of the in-
tegral of i/]Zmn(e) [ 2 is obtained by integrating across the .
resonant bandwidth. "
Equation (2.8.) can, therefore, be approximated by the
following expression
[ <W2) ]av - E4 m,n 6P(e)j2(e) deIZmn (e) lZ (2.9)
It may be shown (5) that the value of the integral in Eq. 42.9)
(2.10)
is given by
fo de _ i Qmn
IZmn (e) 12 2 Mmn2 emn3
The generalized mass, Mmn, is related to the effective mass of
the cylinder, Me, by the equation
liT RESEARCH INSTITUTE
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M
mn
L 2_a
c_ (x,y) dxdy
Peh _0 "0
APeh M e
4 4
(2.11)
where Pe is the effective density of the cylindrical shell.
Combining Eqs.
Eq. (2.9) gives
(2.10) and (2.11) and substituting into
2_ _ _P (co)j2 (co)Qmn (2.12)[ <W2> ]av - 3
pe2h 2 m,n COmn
Consider a typical narrow band, Aco, having upper and lower fre-
quency limits given by co + Aco/2 and co - Aco/2 respectively, where
co is the center band frequency. In this bandwidth are contained
a finite number oi closely packed resonances. It will be assumed
that the bandwidth is sufficiently narrow so that the quantities
_p(co), j2(co), and Qmn are constant over the bandwidth. The space
average value of the mean square response in this bandwidth will
be
2_ _p(co)j2(co)Q _ i (2.13)[ <W2(CO)> ]av = 3
pe2h 2 m,n _mn
If there exist AN resonant frequencies of the form, _mn' in band-
width A_, that is, the modal density (see Fig. 2), then the sum-
mation in Eq. (2.13) can be replaced by the integral equation
co+Acol2
[ <W2(_)> ]av - 27r(_ _p(co)j2(co) AN f d__ (2.14)
pe2h 2 A_ Jco-A_/2 _mn 3
On integration, Eq. (2.14) becomes
[ <W2(co)> ]av 2_Q
[_d(O0)]av = =
Aco Pe 2h2
AN i
2(co) (2.15)
_p (co)J 3
Aco co
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Equation (2.15) represents the space-average, power spectral
density of the radial displacement of the cylindrical shell wall
to a random, spatially homogeneous pressure field. To obtain
a solution to Eq. (2.15) for the wall pressure field applied by
uniform turbulent water flow, it is necessary to calculate the
joint acceptance function, j2(_).
The joint acceptance function, j2(_), is given by the
integral equation (2.3), that is,
j2(_) _ i IIIf
A 2_ Rf(XlYl;X2Y2;_)_mn(xlYl)_mn(X2Y2)dxldYldx2dY2
• (2.3)
To evaluate the joint acceptance for turbulent flow excitation
of the inner cylindrical shell wall, requires a knowledge of the
narrow band spatial correlation functions of the turbulent wall
pressure field in both the longitudinal and circumferential
directions.
It has been shown experimentally (6,7) that for a con-
vected turbulent wall pressure field in the longitudinal flow
direction, the narrow band space-time cross-correlation function
at frequency _ can be expressed as
Rf(Xl,X2;_;_) = Af cos _ (T
\
(2.16)
In other words, each correlation curve rises to a maximum at a
value of the time delay, T, given by
IXl - x21
T = (2.17)
U
C
where U c is the convection speed of the turbulent eddies in a
selected narrow band, and IXl-X21 is the spatial separation be-
tween points along the wall. The amplitude Af of the cosine
function represents the envelope of the peaks of the correlation
curves.
liT RESEARCH INSTITUTE
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Harrison (8) and Bull and Willis (6) have indicated that
the amplitude, Af, of the correlation curves is a unique func-
tion of the Strouhal number, (_Ixl-x21)/U c. However, it was
subsequently pointed out by Bull (_ ) and Fisher and Davies (I0)
that a Strouhal number dependence leads to anomalous results
for the correlations at low frequencies.
In the present analysis, it will be assumed that the
amplitude of the longitudinal correlation function is of the
form suggested by Dyer (II), that is
-IXl-X21
Af = exp (2.18)
UT
C O
where T o is a measure of the eddy lifetime in a given narrow
band. The eddy lifetime, To, can be determined experimentally
from the value the moving-axis time envelope falls to a correla-
tion coefficient of i/e or 0.37. The product of the eddy life-
time and convection speed in Eq. (2.18) can be used to define
the longitudinal correlation length, L
X
Lx = UcT o (2.19)
The form of the narrow band spatial correlation at zero time
delay in the longitudinal x-direction can, therefore, be repre-
sented by the damped cosine function
- _(Xl-X2)
Rf(Xl,X2;_) = exp IXl-X21 cos (2.20)
L U
X C
In the circumferential y-direction, there is no convection
process. Thus a convenient form for the narrow band spatial
correlation is
-IYl-Y21
Rf(yl,Y2;_) = exp (2.21)
L
Y
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For incompressible flow the circumferential correlation
length, Ly, is independent of the convection speed, U c. However,
both L x and Ly are functions of frequency. Assuming that the
narrow band spatial correlations of the pressure field and mode
shapes over the cylinder surface are separable functions, then
the joint acceptance can be represented by the product of joint
acceptances in the longitudinal and circumferential directions
j 2 (00) = jx2 (_) jy2 (_) (2.22)
Thus, substituting Eqs.
leads to
/fjx2(_) = L---_ exp L cos
X
(2.1), (2.20), and (2.21) into Eq. (2.3)
i // -lyl-Y21jy2(_) = _ exp {y
00(x I- x 2 ) m_x I m_x 2
sin- sin- dxldX 2
U L L
c (2.23)
ny i ny 2
cos -- cos -- dYldY 2
a a
(2.24)
Equation (2.23) can be evaluated over the cylinder length, L.
However, the form of the exponential function will depend on
whether x I is greater than or less than x 2. Splitting Eq. (2.23)
into two parts:
(a) when x2> Xl, the integration limits are from L to x I
(b) when x 2 < x I, the integration limits are from x I to 0
2(_) written asThus, Jx may be
[ L O_ I
i If sin PXldX I exp[-_(Xl-X2)]cos q(xl-x2)sin Px2dx 2
jx2(_) = _[4
+ exp[-_(x2-xl)]COS q(x2-xl)sin Px2dx 2 (2.25)
1
where p = m_/L, q = m/U c, and a = 1/L x.
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A similar argument is applicable for Eq. (2.24). In
this case, however, the integration is over the cylinder cir-
cumference, 2_a. Thus, jy2(_) can be expressed as
i f2_a !roY 1jy2(m) _ _ _0 cos _nyla dyl exp[-_(Yl-Y2)]c°s _ny2a dY2
2_a i
+ exp[-_(y2-Yl)]COS --nY2 dy ' (2.26)
a
i
where _ = i/Ly.
The solution for Eq. (2.25) is
!
jx2(_) _ _(2+p2+q2)2
L[(_2+p2+q 2) - 4p2q 2]
+ 2p2/L 2
2 2
[(e2+p2-q2) 2 _ 4_2q 2] + 16_2q2(_2+p2-q 2)
2 2]
[(2+p2_q2) - 4e2q [i- (-i) m exp (-_L) cos qL]
+ 4_q(e2+p2-q2)'(-l)m exp (-_L) sin qL I (2.27)
!
Also, the solution for Eq. (2.26) is
I
jy2(_) _ _a _I _a [i - exp (-_2_a)] (2.28)
2_(n2+_2a 2) | _(n2+_2a 2)
It is seen from Eq. (2.27) that the joint acceptance in
the longitudinal flow direction is a function of the following
variables
jx2 (_) = F(p,q,_,L)
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where p = m_/L is the longitudinal or axial mode wave number
for elastic waves in the cylinder wall; q = _/U c is the wave
number associated with turbulent eddies of frequency _, being
convected at a speed, Uc; and e is the reciprocal of the longi-
tudinal correlation length, Lx, defined by Eq. (2.19).
In general, e will be large, since the correlation
length will be very small compared with the cylinder length, L.
Furthermore, it can be shown that for the range of frequencies,
flow speeds, and cylinder lengths investigated experimentally,
the turbulence wave number, q, is much greater than the longi-
tudinal elastic mode wave number, p. Under these conditions,
Eq. (2.27) becomes independent of the mode number, m, and re-
duces to the following expression
j 2(_) _ _ (2.29)
X
L(_2+q 2 )
This simplified form of the longitudinal joint acceptance func-
tion, jx2(_)' is shown plotted in Fig. 3 against qL for typical
values of _L. Thus, from a knowledge of the turbulence wave
number, q, and correlation length, Lx, which will be determined
experimentally from the narrow band space-time correlations of
the turbulent wall pressures, the joint acceptance function
jx2(_) can be calculated.
A similar argument is valid for the circumferential
jy2(_) given by Eq. (2.28). However,joint acceptance function,
case jy2(_) is not quite independent of the circumferen-in this
tial mode number, n, at small values of _a. The symbol _ is the
reciprocal of the circumferential correlation length, Ly, defined
by Eq. (2.21). It may be shown that provided _ is large com-
pared to the cylinder radius, a
_ (_ 2a2+n 2 )']
jy2 (_) = _a _ _a (2.30)
, 2_(_2a2+n 2)
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The circumferential joint acceptance, j 2(_),-- given by
Y
Eq. (2.30), is shown plotted in Fig. 4 as a function of _a for
several low order circumferential mode numbers, n. It is seen
that for values of _a < 50, j 2(8) depends on the mode number, n.
Y
for _a>50, an accurate estimate of jy2(_) can be cal-However,
culated without any knowledge of the mode number, provided _ is
known from narrow band correlation measurements in turbulent
flow. In view of the foregoing considerations, the power spec-
tral density of the cylinder wall displacement given by Eq. (2.15)
can be written as
2(_) AN i (2.31)
[_d(_)]a v = 2_ _p(_) jx2(_) jy 3
pe2h 2 _
2(_) and j 2(_) are defined by Eqs. (2.29) and (2.30).
where Jx y
Equation (2.31), therefore, represents the narrow band
space-average, mean square displacement response of a thin-
walled cylindrical pipe to turbulent flow excitation. It is
seen that the response obeys a resonance type mass law whose
amplitude is Q-dependent and inversely proportional to the
square of the effective mass per unit area of the cylinder. The
overall response may be obtained by integrating the narrow band
response over all the exciting frequencies.
2.2 DISCUSSION OF THEORY
It is apparent from the above theory that to predict
the response of a thin-walled cylindrical pipe containing tur-
bulent water flow, it is necessary to have a knowledge of the
joint acceptance functions, jx2(_) and jy2(_), the power spec-
tral density of the wall pressure fluctuations _p(_), the damp-
ing factor, Q, the modal density, AN/A_, and the effective den-
sity of the water-loaded cylinder, Pe"
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The joint acceptance functions can be calculated when
the narrow frequency band wall pressure correlations have been
measured for turbulent water flow inside the cylinder or pipe.
The power spectral density of the wall pressures, _p(_), may
also be determined experimentally. It is shown in Section IV
that _p(_) can be expressed in terms of the frequency, flow
velocity, pipe diameter, and fluid density.
The damping factor, Q, for the water-loaded cylindrical
pipe can be determined experimentally by exciting one of the
natural frequencies and measuring the amplitude decay as a func-
tion of time. In Section VI, measurements of the damping were
made at several widely separated resonances to verify the theore-
tical assumption that Q is independent of frequency.
Finally, the modal density, AN/A_, of the cylinder
resonances, and the effective density, Pe' of the water-loaded
cylinder are calculated from established theories. Heckl (12)
derived an expression for the modal density of a cylindrical
shell in terms of the physical constants and dimensions of the
shell. This expression, corrected for the water loading, is
used in Section V for determining the modal density. It is well
known (13'14) that the effect of liquid on the vibrations of a
cylinder not only increases the number of resonances, but also
gives rise to added surface mass to the vibrational response of
the shell wall. In view of the water loading, correction factors
are introduced in the calculation procedure outlined in Section V
to account for the increased modal density and additional mass
per unit area of the vibrating cylinder wall.
Although a knowledge of the actual resonant frequencies
of the water-filled cylinder is not required in the response
calculation, an outline is given in Appendix A to show how the
frequencies could be computed for a given cylindrical shell.
The equations derived for the natural frequencies are used in
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obtaining an approximate expression for the effective density
of the shell wall, Pe' due to water loading.
In summarizing, therefore, a method of calculation that
may be used for predicting the response of a thin walled cylin-
drical pipe to turbulent water flow excitation has been devel-
oped. It is shown that to calculate the response, a knowledge
of certain of the statistical properties of the wall pressure
field in turbulent flow and the vibration characteristics of the
water-loaded cylinder is required.
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III. EXPERIMENTAL EQUIPMENT
The experimental work performed during the investiga-
tions carried out under Contracts NAS8-I1248 and 20325 could be
divided into three categories. First, the design and construc-
tion of a water loop facility to produce fully-developed turbu-
lent flow in a long section of thin-walled pipe at Reynolds num-
bers up to a maximum of 2 x 106 . A description of this flow
loop has been given in Ref. I. For the work on Contract NAS8-
20325, the flow loop was modified in order to study the vibra-
tions induced in a thin-walled pipe coupled to pipe bends and
orifice plates. The second category concerned the development
of instrumentation for determining the properties of the wall
pressure field in turbulent pipe flow. Thirdly, the use of in-
strumentation for measuring the displacements of the thin-walled
pipe to varying flow conditions over a wide range of flow speeds.
3.1 MODIFIED WATER FLOW LOOP FACILITY
A diagram of the modified water flow loop is shown in
Fig. 5.
The equipment comprising the flow loop consisted of two
centrifugal pumps operated in series to obtain the maximum avail-
able pressure head, and capable of delivering 2,500 gallons of
water per minute. The pumps were driven by a pair of variable
speed internal combustion engines. Thus, differing flow rates
could be achieved without the necessity of throttling the flow.
The engines were located outside the laboratory building and
anchored to a large concrete base to minimize structural vibra-
tions and airborne noise. A 6,000 gallon open reservoir was
located adjacent to the pump inlets. The purpose of the reser-
voir was to provide water storage capacity and to raise the
pressure at the pump inlets to prevent cavitation.
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Flow from the pumps passed through a 25 ft. length of
6 in. diameter nylon-reinforced rubber hose to provide some
attenuation of the unwanted pump noise. The flow was then
directed into a closed 2,000 gallon pressure vessel. The pres-
sure vessel-rubber hose combination was designed to operate as
a high pass acoustic filter to suppress the pump noise. After
passing through two 90 ° elbows, the flow entered a straight run
of pipe. The working section for the fully-developed flow tests
was located about 180 pipe diameters downstream of the elbows.
Two working sections were used in the experimental work.
The rigid section used in determining the properties of the wall
pressure field was a smooth inner-walled 20 ft. long, steel pipe
of 6 in. inside diameter and 7 in. outside diameter fitted with
end flanges. The instrument plug, containing the assembly of
miniature transducers for recording the wall pressure fluctua-
tions, was mounted flush with the inside wall about 6 in. from
the downstream end of the working section.
The thin-walled cylindrical pipe working section was
also 20 ft. long and 6 in. inside diameter, but had a wall thick-
ness of 0.025 in. Thus both the rigid and thin-walled sections
were interchangeable units. The cylinder was fitted with end
flanges welded to short lengths of pipe sleeve of 0.5 in. wall
thickness. The pipe sleeves were silver soldered to the cylinder
ends. The thin-walled pipe section was made by rolling a stain-
less steel sheet into a cylindrical tube. A wall thickness of
0.025 in. corresponded to the thinnest metal sheet of 20 ft.
length that the tubing manufacturer could roll, and guarantee
that the surface was uniform and free from irregularities. This
precluded the possibility of investigating the flow-induced
vibrations of thinner walled steel cylinders. Long lengths of
tubing were employed to ensure that the end supports of the
cylinder did not affect the vibrational response when subjected
to the forcing pressure field in turbulent flow.
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Flow leaving the working section entered a rigid 90 °
pipe bend which was connected to another working section for
investigating the response of a thin-walled pipe to the flow
generated by the bend. It might be pointed out that for the
pipe constriction experiments an orifice plate was positioned
at the upstream end of the first working section. Also, a
pitot-static tube assembly was employed for measuring the flow
velocity downstream of the second working section. After pass-
ing through a series of interconnecting pipes and elbows the
flow finally was fed to the open reservoir and pump inlets, thus
completing the flow loop.
With the flow loop facility, it was possible to produce
fully-developed turbulent flow in the 6 in. diameter working
sections, and obtain maximum flow velocities of about 500 in/sec.
The corresponding Reynolds number based on the pipe diameter was
about 2 x 106. Consequently, both the wall pressure field in
turbulent water flow and the vibrational response of the thin-
walled pipe to this field could be investigated over a wide
range of flow velocities.
3.2 PRESSURE TRANSDUCERS
Measurements of the wall pressure fluctuations in tur-
bulent flow were made using miniature piezoelectric transducers
set flush with the internal surface of the rigid thick-walled
pipe working section. The transducer elements were lead zircon-
ate titanate discs (trade name PZT-5H) of diameter 0.020 in. and
0.010 in. thickness with silvered electrodes and polarized in
the thickness direction.
The inner surface of the rigid steel pipe was chemically
treated to remove all the oxides and mineral deposits, and sub-
sequently honed to a smooth-wall finish having a tolerance of
+ 0.001 in. Extreme care was exercised to ensure that there
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were no protrusions greater than the tolerance limit when the
plug containing the transducers was mounted flush with the inner
surface of the pipe. Nineteen of the miniature transducers were
mounted in the T-shaped slot of a brass plug adaptor which could
be inserted in a 1.5 in. diameter hole drilled through the wall
of the rigid pipe working section.
A description of the method of mounting the transducers
in the instrument plug has been reported by the writer, Clinch (15)
and in Ref. i. The distances between alternate pairs of trans-
ducers in the axial and circumferential directions of the cylin-
drical pipe varied from 0.03 in. for the closest separation to
0.90 in. for the maximum separation. This permitted the wall
pressure cross-correlations to be measured over a wide range of
transducer separations. Figure 6 shows the completed transducer
assembly.
Electrical leads from each transducer were taken out to
an array of Microdot connectors positioned around the periphery
of the plug. Two 3 in. lengths of Microdot cable were connected
to the input of a pair of phase-matched low noise cathode fol-
lower-preamplifiers. A circuit diagram of the cathode follower-
preamplifier is shown in Fig. 7. Thus, the signals from any
given pair of transducers could be fed to the preamplifiers for
pressure spectrum and cross-correlation measurements. The in-
put impedance of the preamplifier was about 300 Megohms, and the
-12
capacitance of a transducer and cable connector about 70 x i0
farads.
The low frequency response of the transducer-amplifier
combination, defined by the reciprocal of the product of the
capacitance and resistance, was about i0 cps. The preamplifier
gain was about 50:1, and the signal-to-noise ratio about 40 dB.
The frequency response was flat to i00 Kcps, and the preampli-
fiers, which were battery powered, were stable throughout the
whole investigation.
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In practice, it was found necessary to provide further
amplification of the signals from the preamplifiers using two
matched plug-in Tektronix oscilloscope amplifiers (Type L) with
a variable gain unit. This permitted the signals from the trans-
ducers to be amplified to a level sufficient for recording and
analysis. The technique used for calibrating the pressure trans-
ducers has been described in Ref. i.
Unfortunately, not all of the transducers were found to
be operative. This was partly due to errors in the mounting
technique caused by stray contact resistances and electrical
shorting. However, sufficient transducers were operational to
permit a detailed examination of the wall pressure field in tur-
bulent pipe flow.
3.3 SPECTRUM ANALYZER AND AUXILIARY EQUIPMENT
For direct spectral analysis of the signals from the
transducer-preamplifier combination, a Bruel and Kjaer i/3-octave
audio-frequency spectrometer (Type 2112) was used. Signal aver-
aging in i/3-octave band frequencies was determined by reading
a calibrated root-mean-square (RMS) voltmeter. In this way the
RMS and mean square values of the wall pressure fluctuations at
various frequencies could be readily determined from a prior
knowledge of the transducer sensitivities.
A two-channel Tektronix oscilloscope (Type 502) was
employed for monitoring the amplitude-time history of the wall
pressure fluctuations from given pairs of transducers during an
experiment. However, in order to eliminate the extraneous low
frequency noise detected by the transducers, it was necessary
to incorporate Krohn-Hite variable band pass filters (Type 330N)
in the recording system. The band pass filter was set for a
lower cut-off frequency of 50 cps; and an upper frequency of
20 Kcps.
liT RESEARCH INSTITUTE
22
For the cross-correlation experiments, the signals from
alternate pairs of transducers were recorded directly onto mag-
netic tape for a period of about 60 sec for subsequent analysis
using the analog correlation equipment. An FM tape recorder
(Ampex Model FR-1300) was used; the transducer signals being
recorded on two separate channels of the magnetic tape running
at a speed of 60 in/sec. This provided a frequency response
from DC to 20 Kcps. Another channel on the tape recorder was
used for voice recording to identify the transducers under in-
vestigation. A block diagram showing the arrangement of the
recording and analyzing equipment is given in Fig. 8.
3.4 ELECTRONIC ANALOG CORRELATOR
The cross-correlation or covariance, CI2(T), for two
randomly varying signals vl(t) and v2(t) is defined by
.T/2
i I vl(t ) v2(t+T) dtCI2(T ) --
J_T/2
(3.1)
where T is the averaging time, and T is the delay time used in
displacing signal v2(t) with respect to Vl(t).
The auto-correlation, CII(T), on the other hand, is per-
formed by delaying a given signal with itself
.T/2
i I vl(t ) Vl(t+r) dtCll( ) =
I J_T/2
(3.2)
An electronic analog correlator (Honeywell Model 9410) with a
variable multi-channel time delay unit was used for determining
the wall pressure correlations in turbulent pipe flow.
A block diagram showing the operating principles of the
correlator is given in Fig. 9. By means of the variable time
delay unit, each input signal to the correlator can be delayed
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with respect to the other° One signal then modulates the height
and the other the width of a pulse, which is subsequently aver-
aged over a preselected time by an R-C network. The output from
the integrating network, which is read on a DC millivoltmeter,
gives the covariance between the signals. By repeating this
process over a selected range of time delays, the covariance or
cross-correlation between the input signals can be determined
as a function of the time delay.
In practice, it was found that an averaging time of 5
sec was sufficiently long to obtain statistically stationary
values. Care was taken to maintain peak-to-peak signal ampli-
tudes less than 2 volts to avoid over-loading the correlator.
The frequency response of the correlator was flat from 50 cps
to 250 Kcps, and three decade time delay ranges were provided
which could be varied from 0 to 17 millisecs.
The cross-correlation coefficient, R(T), was obtained
by normalizing the covariance by dividing by the RMS amplitude
of each signal.
<vl(t) v2(t+T)>
RI2 (T) = (3.3)
_<Vl2(t)>" _v22(t)>
The RMS amplitudes were determined from the mean square values
of the signals, that is, the auto-correlations for zero time
delay.
The correlator was primarily used for determining the
space-time correlations of the wall pressure fluctuations in
turbulent pipe flow. Narrow frequency band correlations were
obtained by replaying the magnetic tape recordings of the turbu-
lent wall pressures from various transducer pairs through two
phase matched I/3-octave filters (Bruel and Kjaer Type 2112) to
the input terminals of the correlatoro Space correlations between
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the signals were simply determined with the delay unit set at
zero time. The overall accuracy of the correlator was of the
order of ! i percent.
Figure i0 shows the instrumentation used for processing
the tape recorded signals from the transducers to obtain the
wall pressure cross-correlations in turbulent flow.
3.5 VIBRATION MEASURING EQUIPMENT
The instrument used for detecting the vibrations of the
thin-walled cylindrical pipes was a Dressen-Barnes ultramicrom-
eter (Omega Model 155). The ultramicrometer is basically a non-
contacting frequency modulated capacitance device that may be
used for measuring small displacement amplitudes of vibrating
surfaces.
The Dressen-Barnes instrument utilized a capacitance
type sensor probe in conjunction with a converter/power supply
unit. The converter employed a Foster-Seeley phase discrimin-
ator circuit. The probe face was a 0.125 in. diameter circular
disc surrounded by an annular guard ring of 0.5 in. outside
diameter. A calibrated micrometer thimble having a 150 _inch
per turn sensitivity was mechanically coupled to the probe.
Variations in capacity produced by small changes in the
probe-object separation produced frequency modulation in the
discriminator. This circuit was energized by a 25 Mcps crystal-
controlled oscillator. Any capacitance variation causes the dis-
criminator characteristics to shift with respect to the 25 Mcps
carrier, resulting in a DC output. Figure Ii gives a block dia-
gram of the converter unit. The ultramicrometer was capable of
measuring vibrational amplitudes as low as 0.2 _inch over a fre-
quency range from DC to i Mcps to an accuracy of about i0 per-
cent. Below 0.5 _inch, however, the errors were possibly greater
than 20 percent.
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The procedure used in calibrating the ultramicrometer
was to set the probe face in a plane parallel to a flat metallic
reference surface at a distance of 0.002 in. This clearance
corresponded to the center point of balance in the discriminator
circuit. The micrometer thimble was then turned to change the
gap clearance by known amounts on each side of the balance point,
and the resultant voltage deflections noted on a DC coupled
oscilloscope.
The ultramicrometer calibration curve is shown in Fig. 12
It is seen that the discriminator curve is linear to 150 _inch
on either side of the constant gap setting of 0.002 in., cor-
responding to zero on the curve. The sensitivity of 60 _inch
per volt is determined from the slope of the discriminator curve.
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IV. TURBULENT WALL PRESSURE FIELD MEASUREMENTS
It has been shown in the theoretical approach that in
order to calculate the response of a thin-walled cylindrical
pipe section to turbulent flow excitation, it is necessary to
have information on the statistical properties of the wall pres-
sure field. In particular, a knowledge of the power spectral
density and the narrow band correlation functions of the wall
pressures in the longitudinal and circumferential pipe wall
directions is required.
This section describes the measurements of these statis-
tical properties for fully-developed flow. The results obtained
are compared wherever possible with existing empirical represen-
tations of the properties of the turbulent wall pressure field.
It was recognized that the presence of extraneous back-
ground noise in the working section would be detected by the
wall-mounted pressure transducers. Because of this, it was
necessary to investigate to what extent the background noise
contributed to the total signal output from the transducers in
various frequency bands. Comparison was, therefore, made be-
tween the measured values of the root-mean-square pressure fluc-
tuations and those values already established for local boundary
layer turbulence.
4.1 ROOT-MEAN-SQUARE PRESSURE FLUCTUATIONS
Measurements of the wall pressure fluctuations were made
for various centerline pipe flow velocities, extending from 193
in/sec.to 520 in/sec. The corresponding range of Reynolds num-
bers varied from 6.5 x 105 to 1.8 x 106 . This variation in
flow speeds and Reynolds numbers was commensurate with the pump-
ing capabilities in the water flow loop.
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An initial series of experiments were performed to mea-
sure the overall RMS wall pressures as a function of the Reynolds
number. The overall pressures were obtained by summation of the
mean square pressure in each i/3-octave band from given wall-
mounted transducers. However, because the background noise at
low frequencies showed definite interference with the noise pro-
duced by local boundary layer turbulence, it was necessary to
establish the lower limiting frequency above which measurements
could be made of the turbulent wall pressure field.
Apart from the unavoidable background noise, other ex-
traneous contributions to the output signal from a transducer
included the spurious signals caused by transducer vibrations
and the electronic noise in the amplification system.
Preliminary tests with a transducer shielded from the
flow indicated that its output signal was about i percent of
that obtained with the transducer exposed to the flow. It was
therefore concluded that the vibration signal was negligible in
comparison with the overall pressure signal. Also the electronic
noise in the amplifiers was less than 0.5 percent of the mean
square pressure and its effect on the spectral density measure-
ments was negligible. These tests clearly established that the
main source of interference was the background noise in the
working section.
It was apparent from the power spectral density measure-
ments that background noise was detectable at frequencies less
than 160 cps. Recordings of the mean square pressure in 1/3-
octave bands were therefore made above this lower limiting fre-
quency to obtain the overall RMS signal arising only from the
turbulent boundary layer pressure fluctuations. The range of
frequencies over which these measurements were made extended
from 160 cps to 1600 cps.
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In Fig. 13, the ratio of the measured overall RMS pres-
sure _p2> , to the mean flow dynamic pressure i/2 PLU 2
is plotted against the Reynolds number. It is seen from these
results that the pressure coefficient is independent of the
Reynolds number and is given by the relationship
1/2 PLU 2
0.007 (4.1)
This value for the pressure coefficient is consistent with that
reported by other investigators (16'3) from measurements of the
turbulent pressure fluctuations on rigid walls in subsonic air-
flows. It was found that no significant variation in the over-
all RMS pressure was detectable between widely separated trans-
ducers. This implied that the wall pressure field was probably
homogeneous, which, of course, was an assumption made in the
theory.
4.2 POWER SPECTRAL DENSITY OF THE WALL PRESSURE FIELD
The power spectral density of the wall pressure fluctu-
ations was obtained from measurements of the mean square pressure
in each I/3-octave band over a wide range of frequencies and
flow velocities. The experimental results are shown in Fig. 14
in which the normalized power spectral density, Sp, is plotted
as a function of the Strouhal number.
6p(f) /_fd"
Sp - = FI-- I (4.2)
pL2U_ 3d _U]oo
where _p(f) is the power spectral density, that is, the mean
square pressure per unit bandwidth, U is the centerline pipe
flow velocity, PL is the fluid density, d is the pipe diameter,
and f is the center frequency of a i/3-octave band. This is a
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conventional method of presenting spectral data, and provides
a useful scaling law for the power spectral density in terms of
the frequency, pipe diameter, and flow velocity.
A comparison between the present results and the averaged
wall pressure spectra measured by Bakewell (16) for subsonic air-
flow in a smooth-walled pipe is also shown in Fig. 14. The gen-
eral features and magnitude of the spectral density curves are
seen to be similar in both cases. It is noted, however, that
some scatter between the experimental points occurs at low
Strouhal numbers. This is primarily due to the effects of ex-
traneous noise, which increased the measured power spectral den-
sity. A lower cut-off frequency of 63 cps was used for these
measurements. However, at frequencies above 160 cps the extran-
eous noise had a negligible influence on the spectral density.
In the higher Strouhal number r_ge, the present data
show slightly increased spectral levels. This behavior is prob-
ably caused by differences in transducer size. Bakewell used
larger diameter transducers (0.070 in.) than in the present work
and, as a result, greater attenuation of the high frequency pres-
sure fluctuations over the transducer face would have occurred.
To account for this loss of resolution at high frequen-
cies, Corcos (17) introduced a correction factor for the power
spectral density in terms of the transducer diameter and turbu-
lence wave number. However, Willmarth and Roos (18) pointed out
that Corcos overestimated the correction factor when the trans-
ducer diameter is less than the boundary layer thickness. Be-
cause this condition is valid for the spectral data shown in
Fig. 14, no attempt was made to correct the results for the
attenuation effect at high frequencies.
liT RESEARCH IHSTITUTE
30
4.3 BROAD-BAND CORRELATIONS OF THE WALL PRESSURE FIELD
Measurements of the broad-band space-time correlations
were obtained by playing back the tape recorded signals from
given transducer pairs through the variable time delay unit of
the analog correlator. A description of the equipment used for
recording and analyzing the transducer signals has been given
in Section 3.3.
Broad-band space-time correlations of the wall pressure
field in the longitudinal flow direction are presented for two
flow speeds in Fig. 15. The cross-correlation coefficient is
shown plotted as a function of the time delay, T, where each
correlation curve represents a different separation distance,
Ax, between transducers. It is seen that for a given separation,
the correlation curve rises to a maximum at a certain value of
the time delay, rm, and the amplitude of these maxima decrease
rapidly with increasing transducer separation. The amplitude
decay of the correlations can be attributed to the presence of
shear stresses across the turbulent boundary layer of the pipe,
which cause the pressure fluctuations to lose their coherence
as the convection pattern proceeds downstream. The rate at
which the turbulent pressure field is convected is established
by plotting the transducer separation against the time delay,
_m' at which the correlation curves reach a maximum value, i.e.,
Uc = AX/T m (4.3)
The slope of the plot gives the convection speed of the pres-
sure field moving past the transducers.
For an observer moving with the convection speed, Uc,
the auto-correlation is the envelope of the peaks of the cor-
relation curves. If it is assumed that the moving-axis auto-
correlation curve decays exponentially with time, T, then the
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eddy lifetime, To , is the value of the time delay when the cor-
relation coefficient falls to i/e or 0.37 (see Section II).
Thus, the longitudinal correlation length, Lx, may be obtained
from the product of the convection speed, Uc, and eddy life-
time,
O
Referring to Fig. 15 it is also seen that the ratio of
the convection speed to the centerline pipe flow velocity,
Uc/U _ is consistent with that reported by other investigators
from broad-band pressure field measurements in turbulent bound-
ary layersi9," 16) It is also apparent that the estimated value
of the correlation length, Lx, is independent of the flow velo-
city, being approximately 0.18 in. at both selected flow speeds•
This suggests that with increased flow speed, the eddy lifetime
decreases in the same proportion as the convection speed in-
creases•
Measurements of the broad-band circumferential space-
time correlations showed that there was no convection process
occurring• Because of this, it was necessary to measure only
spatial correlations in the circumferential direction. The
results from measurements of the broad-band space correlations,
i.e•, in a fixed frame of reference, are shown in Fig. 16.
The longitudinal scale, Xx' is defined by
/0kx = R(Ax,0;0) d(Ax) (4•4)
and the circumferential scale, Xy, is
=f0Xy R(0,gy;0) d(Ay) (4.5)
The space correlation curves at small separations are seen to
decay almost exponentially. Thus, the integral scales are
simply the distances the correlation coefficients fail to a
II1" RESEARCH INSTITUTE
32
value of i/e or 0.37. For the experimental data shown in Fig.
the longitudinal scale, Xx' is larger by a factor of 1.5 than
the circumferential scale, Xy. This estimate is in fair agree-
ment with the ratio of the longitudinal to lateral scales in
turbulent boundary layers reported by Bakewell et al (16) and
"3Maestrello k )
It is of interest to note that the ratio of the corre-
lation length, Lx, to the integral scale length, Xx' is about
4:1. Thus, whereas to an observer at a fixed point the pres-
sure field would be coherent for only short distances, to an
observer who moved with the convection speed, the pressure
fluctuations would appear coherent over much greater distances.
4.4 NARROW-BAND CORRELATIONS OF THE WALL PRESSURE FIELD
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The aim of these experiments was to determine the longi-
tudinal and circumferential correlation lengths and convection
speeds of the wall pressure fluctuations in narrow frequency
bands. This information was necessary in order to evaluate the
joint acceptance functions used in calculating the response of
the thin-walled pipe to the turbulent wall pressure field.
The instrumentation used for measuring the narrow-band
cross-correlations of the pressure signals from transducer pairs
has been described in Section III. For these experiments, two
phase matched, I/3-octave band pass filters were employed, and
the cross-correlations between spatially separated transducers
determined at center band frequencies of 250, 500, I000, and
1600 cps. The selection of these frequencies was dictated by
the presence of extraneous noise in the transducer output sig-
nals for frequencies outside this range.
The results from measurements of the longitudinal narrow-
band space-time correlations at two flow speeds are shown in
Figs. 17 and 18. It is seen that the general features of the
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correlation curves are similar to broad-band correlations pre-
sented in Fig. 15. However, whereas the broad-band correlation
curves exhibit broader, flatter peaks with increasing transducer
separation, the shape of each narrow-band correlation curve is
governed only by the frequency. In particular, the high fre-
quency correlations are characterized in terms of sharp narrow
curves, and the low frequencies by broader correlation curves.
Referring to Figs. 17 and 18 it is seen that both the
eddy lifetime, To, and convection speed, Uc, decrease with in-
creasing frequency. The longitudinal correlation length, Lx,
determined from the product of the eddy lifetime and convection
speed appears to be a function only of the frequency and inde-
pendent of the flow velocity, U .
Figure 19 shows the result of plotting the measured
ratio of the convection speed, U , to the centerline pipe flow
c
velocity, U , against the center frequency of the i/3-octave
bands. It is apparent that the ratio Uc/U _ decreases slightly
from 0.7 at 250 cps to less than 0.6 at 1600 cps. The present
variation of Uc/U _ with frequency is in good agreement with the
results of other investigators, notably Bakewell et al (16).
This suggests that larger turbulent eddies associated with low-
er frequencies would exist nearer the center of the pipe and,
as a result, be convected at speeds comparable with the mean
flow velocity, whereas the smaller scale, high frequency eddies
would be swept along closer to the wall at slower speeds.
Figure 20 shows the results from measurements of the
narrow band space correlations in the circumferential direction.
It is seen that the correlation amplitude decays almost expon-
entially with increasing transducer separation, and that the
rate of decay is greater at higher frequencies. The circum-
ferential correlation distance, Ly, defined by the distance the
correlation coefficient falls to l/e, again appears to be a
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function of only the frequency and not of the flow velocity.
This dependence of the circumferential correlation function on
the frequency supports the form of the narrow band circumfer-
ential correlation function proposed in the theory (Section II).
From the above measurements of the narrow band corre-
lation functions in the longitudinal and circumferential direc-
tions, the variation of the correlation lengths L and L with
x y
frequency for the two flow speeds are shown in Figs. 21 and 22
It is noted that the ratio of Lx/Ly is about 6:1 and indepen-
dent of the frequency. This suggests that a typical pressure
producing eddy is coherent over much greater distances in the
flow direction than in the circumferential direction.
Finally, the important statistical parameters that have
been determined from the narrow band wall pressure correlations
are given in Table I.
TABLE I
Frequency
f
(cps)
250
5O0
I000
1600
Uc/U
0.66
0.62
0.59
0.59
U = 193 in/sec
L L
x y
(in) (in)
0.280 0.047
0.190 0.033
0.137 0.024
0.120 0.020
Lx/Ly
5.95
5.75
5.70
6.00
U = 330 in/sec
u /u
C o_
0.69
0.62
0.59
0.59
L
X
(in)
0.300
0.220
0.154
0.116
L
Y
(in)
0.055
0.040
0.027
0.022
Lx/Ly
5.45
5.50
5.70
5.30
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V. CALCULATION OF THE PIPE WALL RESPONSE TO TURBULENT
FLOW EXCITATION
5.1 INTRODUCTION
In this section a method is outlined for calculating
the response of a thin-walled pipe to the wall pressure field
applied by fully-developed turbulent water flow. An equation
has been derived in Section II for the displacement power spec-
tral density of a thin-walled pipe in terms of the turbulent
pressure field which forces it into vibration, and the vibra-
tional characteristics of the pipe itself. It was assumed that
the response spectrum is essentially a smooth continuous func-
tion. Furthermore, a large number of individual pipe wall
resonances are excited by turbulent pressure fluctuations hav-
ing wave numbers much larger than the flexural wave numbers in
the surface of the pipe.
Under these conditions, the power spectral density of
the displacement response becomes independent of the mode num-
ber and is given by Eq. (2.31), that is,
4d(_ ) = 2,Q _p(_) jx2(_) jy2(m ) AN I (5.1)
9e2h 2 Am cu3
where the symbols in this equation have been defined in Section II
and Appendix B. For the purpose of calculating the response from
Eq. (5.1), it is necessary to consider each term independently.
5.1.1 Power Spectral Density, 6p(_)
From the wall pressure spectrum measurements, described
in Section IV, it has been shown that the normalized power spec-
tral density, S , can be expressed as a function of the pipe
P
Strouhal number, i.e.,
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= = F (5.2)
Sp 3dpL2U_
Thus, for a given Strouhal number, fd/U , the power spectral
density, _p(f), is
_p(f) = pL2U 3d Sp (5.3)
Consequently, if the Strouhal number is calculated, the nor-
malized power spectral density can be determined from Fig. 14,
and the corresponding power spectral density computed for a
given flow velocity, fluid density and pipe diameter from Eq.
(5.3).
5.1.2 Joint Acceptance Functions, jx2(_) and jy2(_)
longitudinal joint acceptance, jx2(_), is definedThe
by Eq. (2.29), that is,
jx 2(_) -_ e (5.4)
L (_2+q 2 )
where
written as
= I/L x and q = _/U c = 2_f/U c. Equation (5.4) can be
jx2 (_) Lxq_ L + (5.5)
In order to evaluate jx2(_) for a given pipe section of length
L, containing turbulent flow, a knowledge of the variation of
Lx and q with frequency is required. The value of q can be
calculated from the frequency and convection speed, Uc, where
the variation of Uc/U _ with frequency is presented in Fig. 19
The longitudinal correlation length, Lx, as a function of the
frequency is shown in Fig. 21. By substituting these values
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in Eq. (5.5) the longitudinal joint acceptance, jx2(_), can be
computed.
The circumferential joint acceptance function, jy2(_),
is given by Eq. (2.30), that is,
2(oo) = _a [i r _a 1 (5.6)
JY 2_ (_ 2a2+n2 ) _ (_ 2a 2+n2 )
where _ = i/Ly, a is the pipe radius, and n is the circumfer-
ential mode number. The variation of L with frequency is
Y
shown in Fig. 22.
It has been assumed that _a is large compared with the
mode number n, and as a result the mode number can be neglected
in Eq. (5.6). Consequently, Eq. (5.6) can be written
(5.7)
Since _a>> i, then
L
jy2(_) _ y__ (5.8)
2_a
Under these conditions the circumferential joint acceptance,
jy2(_), becomes a measure of the ratio between the correlation
length and pipe circumference. Equation (5.8) can, therefore,
2(_) from the known values of Lybe used to calculate jy
5.1.3 Effective Density of Shell Wall, Pe
It has been mentioned in the theoretical approach that
liquid loading has an important influence on the vibrations of
thin-walled cylinders. Generally, there are additional forces
exerted on the surface of a vibrating structure by the surround-
ing fluid. These forces consist of two parts; one proportional
to the fluid velocity and the other proportional to the fluid
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acceleration. The former generates a damping force due to the
sound radiation from the vibrating surface, while the latter
causes an increase in the mass of the structure. This increase
in mass arises from the vibrating mass of fluid or virtual mass
adjacent to the surface of the structure. If the surrounding
fluid is air, the above effects are quite small, but for liquid
loading the virtual mass and acoustic damping play an important
role and therefore cannot be neglected.
Theoretical studies (13,14) have shown that liquid coup-
ling, apart from increasing the effective mass or density of a
structure, can influence the vibrational response in several
ways. First, the added mass tends to reduce the amplitude of
vibration. Second, the resonant frequencies of the structure
are decreased, and therefore the number of resonances or modal
density are increased.
In Appendix A, a method is outlined that might be em-
ployed to determine the virtual mass from the natural frequen-
cies of an empty and water-filled cylindrical shell. However,
in order to calculate numerically the natural frequencies and
virtual mass, an extensive digital computer program would be
required. In view of the complexity of the problem due to
water loading, it was decided to use a simpler approach.
It has been shown by Berry and Reissner (13) that the
correction factor for the virtual mass, B, for an infinitely
long cylindrical shell containing fluid is given by
i In (XL)
B - (5.9)
I
kL In (X L)
where In is the modified Bessel function of the first kind of
order n, and the prime denotes the derivative of I with re-
n
spect to the argument XL, and where XL is given by
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---- wa
kL -- (5.10)
cL
where co is the angular frequency, cL is the sound velocity of
the fluid, and a is the shell radius. Dyer (19) showed that for
lower frequencies, XL _ i, the virtual mass factor is nearly in-
dependent of kL and varies with the circumferential mode num-
ber, n.
The effective density of the shell wall, Pe' due to the
virtual mass is
Pe = Ps (i + _B) (5.11)
where Ps is the density of the shell wall, and _ is given by
aP L aP L
.... (5.12)
Ps h m s
where h is the wall thickness and m is the mass per unit area
S
of the shell. From Eqs. (5.9), (5.11), and (5.12) the virtual
mass of the liquid, mL, is
aP L In (XL)
m L - (5.13)
XL In' (XL)
Thus the effective mass per unit area of the shell is given by
@e h = m s + m L (5.14)
It is shown in Appendix A, that if the shell wall is
regarded as a flat plate of thickness h, the virtual mass fac-
tor, _B, can be approximated by
i,
PS _4_ _r_fh/
where c
s
and PL is the fluid density. Equation (5.15) corresponds to
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is the speed of compressional waves in the shell wall,
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the virtual mass factor derived by Dyer _ll_f_ for a vibrating
plate radiating sound into a water-filled enclosure.
The correction factor (i + _B) calculated from the
above equation for the dimensions and physical constants of
the water-loaded cylindrical shell under investigation is shown
plotted as a function of frequency, f, in Fig. 23. It is seen
that the effective mass of the shell is significantly increased
by the water loading. However, the correction factor appears
to decrease with increasing frequency. This correction factor
due to the water loading has been used in the procedure out-
lined in Section 5.2 for calculating the pipe wall response to
turbulent water flow excitation.
5.1.4 Modal Density, AN/A_
The number of resonant frequencies, AN, contained in a
narrow frequency band of width, A_, for a simply supported
cylindrical shell of length, L, has been calculated by Heckl (I_
The approach used to determine the modal density was based on
a solution of the simplified shell equations i"In for the natural
frequencies of vibration. The theoretical result for the modal
density may be expressed as
AN _ _/_aL (_ i )A_ 2_c h /2 - sin- [i - (2_a/Cs) ] (5.16)
S
Equation (5.16) is valid for the mange of frequencies where
_a/c s < i. Heckl made measurements over this range using a
simply supported thin-walled cylinder and found good agreement
between the predicted and measured modal density. It may be
noted that the actual cylinder end conditions are important
only for the lower mode vibrations. When the frequency associ-
ated with the low order modes is exceeded, the mode is mainly
governed by the vibrations away from the cylinder ends.
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Equation (5.16) does not account for the liquid loading, which
increases the modal density. Due to the increase in the mass
of the shell wall caused by liquid loading, the sound velocity
for compressional waves in the wall, c S'
C
S
where c '
S
the wall.
will be reduced by
C
, = S (5.17)
(I + _B) I/2
is the corrected sound velocity in the material of
The value of the correction factor (I + _B) in Eq. (5.17)
can be obtained from Fig. 23. Thus, Eq. (5.16) becomes
&_ 2_c s'h _ - sin - _Cs--'/J (5.18)
In Fig. 24, the modal density isshown plotted against the fre-
quency, f, using the dimensions and physical constants of the
thin-walled cylinder under investigation.
It is seen that the modal density increases with fre-
quency, indicating fewer modes in the low frequency region. At
higher frequencies the modal density does not vary appreciably
between successive bandwidths. This would suggest that at very
high frequencies the modal density would be essentially con-
stant and independent of the frequency.
5.1.5 Damping Factor_ Q
The damping of the thin-walled cylinder vibrations will
consist of two parts, one structural and the other acoustic.
The structural damping generally predominates, and results from
internal hysteresis in the cylinder material and from energy
dissipation at the cylinder joints. The hysteresis effect is
usually small compared with the damping at the joints, espe-
cially as in the present case, where the joints are heavily
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loaded by the cylinder end flanges. Acoustic or radiation damp-
ing is due to the sound radiated from the cylinder vibrations
and the resulting energy dissipation.
It has been assumed in the theory that the overall damp-
ing factor Q is independent of frequency. In general, this is
an oversimplification since the acoustic damping is known (20)
to vary with frequency. Measurements of the overall damping
factor for the water-loaded cylindrical shell are described in
Section Vl. Attempts were also made to investigate the assump-
tion that the damping was independent of the frequency.
5.2 CALCULATION PROCEDURE
A method for calculating the displacement response of
the thin-walled cylindrical pipe to the wall pressure field
applied by fully-developed turbulent water flow is outlined in
this section. The method used is considered in general terms
with the aid of a computational chart to indicate as clearly
as possible each step in the calculation. A numerical example
is then given to illustrate the calculation procedure.
Equation (5.1) for the power spectral density of the
pipe wall displacement can be expressed in terms of the fre-
quency, f, as
_d(f ) = _W_= 4.03 x i0 -3
Af pe__2h _p(f)jx2(f)jy2(f) AN iAf f--_ (5.19)
This equation is obtained by replacing the circular frequency,
_, by _ = 2_f and A_ = 2TAf. <W2> represents the time aver-
aged value of the mean square radial displacement of the pipe
wall in the frequency band Af, averaged over the surface of
the pipe. The relations for _p(f) and Pe are defined by Eqs.
(5.3) and (5.11). Substituting these expressions into Eq. (5.19)
yields,
liT RESEARCH INSTITUTE
43
4.03 x 10 -3 Q /pL \2
_d(f) =
h2(l + #B)2 _s / Sp
f
JU "3 AN
{--_ I dJx2(f)jy2(f) m
_f J Af
(5.20)
where jx2(f), jy2(f) and AN/Af are
and (5.18) respectively.
given by Eqs. (5.5),(5.8),
The computational procedure that is employed in evalu-
ating Eq. (5.20) is outlined in Fig. 25. This chart gives a
step-by-step procedure and shows in block diagram form how each
term in Eq. (5.20) is obtained from a knowledge of the basic
flow and structural variables.
To illustrate the method of calculation, a numerical
example is given below based on a typical flow velocity and fre-
quency for turbulent flow excitation of the thin-walled cylin-
drical pipe (see Chapter Vl).
Consider the response of a long, uniform thin-walled
cylindrical pipe to the wall pressure field arising from fully-
developed turbulent water flow in a narrow i/3-octave frequency
band:
Pipe
Stainless Steel
Length L = 240 in.
Diameter d = 6 in.
Radius a = 3 in.
Wall Thickness h = 0.025 in.
Mass Density Ps = 1.295 lb. sec2/in 4
Sound Velocity cs = 2.14 x 105 in/sec
Flow
Water
Flow Velocity U =
Mass Density PL =
Sound Velocity cL =
520 in/sec
0.162 lb. sec2/in 4
5.68 x 104 in/sec
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Frequency
I/3-Octave Band
Center Frequency
Bandwidth
f = 200 cps
Af = 46 cps
Referring to Fig. 25, the following procedure is
adopted where each number is listed on the chart.
i. Compute fd/U = 2.31
2. Read Sp = 1.25 x 10 -6
(Fig. 14)
3. Compute SpPL2U 3d = _p(f) = 27.6 ib 2 sec/in 4
4. Read Uc/U _ = 0.70 (Fig. 19)
5. Compute U c = 364 in/sec
-i
6. Compute q = 2_f/U c = 3.45 in
7. Read L = 0.330 in.
X
(Fig. 21)
2(f) = 6.0 x 10 -48. Compute Jx
(Eq. 5.5)
9. Read L = 0.056
Y
(Fig. 22 )
I0. Compute jy2(f) = 2.97 x 10 -3
(Eq. 5.8)
ii. Compute _p(f)jx2(f)jy2(f) = 4.9 x 10 -5 ib 2 sec/in 4
12. Measure damping factor Q -- 25
(Section 6.2)
13. Read or Compute (I + _iB) = 6.6
(Fig. 23, Eq. 5.15)
lit RESEARCH INSTITUTE
45
14. Compute
15. Compute
(i + _B) 2 = 43.6
cs' = 8.32 x 104 in/sec
(Eq. 5.17)
16. Read or Compute AN/Af -- 0.256 sec
19.
20.
(Fig. 24, Eq. 5.18)
Compute Q/(I + _B) 2 • AN/Af = 0.147 sec
Compute
4.03 x 10 -3
ps2h 2
Compute _d (f) =
AN
_P(f)jx2(f)jy2(f) iI+Q_B) 2 Af
34.6 x 10 -13 in 2 sec
i
• _ = 4.81 x 10 -7 in6/ib 2 sec
4.03 x 10 -3 i
ps2h 2 f_ =
(Eq. 5.20 )
Compute < W 2 (f)
(Eq. 5.19)
= _d(f)Af = 159 x 10 -12 in 2
21. Compute V<W2(f)> = 12.6 x 10 -6 in.
By repeating the above steps for other i/3-octave fre-
quencies ranging from i00 cps to 1600 cps, the power spectral
density and RMS displacement of the pipe wall to turbulent
flow excitation can be evaluated. The results obtained from
such a calculation procedure are summarized below in Table II.
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TABLE II
Frequency
f (cps)
i00
125
160
200
250
315
4OO
50O
630
80O
i000
1250
1600
Flow Speed, U = 520 in/sec
Oo
Power Spectral Density
_d(f) in 2 sec
-12
83.0 x i0
-12
33.7 x i0
-13
85.5 x i0
34 5 x 10-13
12 2 x 10"13
39 0 x 10 -14
Ii 8 x 10 -14
37 7 x 10 -15
i0 5 x 10 -15
22 5 x 10 -16
-17
68 6 x I0
-17
16.3 x i0
-18
29.3 x i0
RMS Displacement
<WZ(f)> in.
43.6 x i0- 6
-6
31_2 x i0
-6
17.8 x i0
-6
12.6 x i0
-6
8.4x 10
5.4 x 10 -6
-6
3 3x i0
-6
2 Ix I0
-6
1 25x i0
0 64x 10 -6
0 40x 10 -6
0 22x 10 -6
0 10x 10 -6
The above calculations can be performed for other flow
speeds and pipe sizes by reference to the computational chart
(Fig. 25). In this way it was possible to compute the displace-
ment response of a given thin-walled pipe to a wide range of
frequencies and flow speeds.
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A discussion of the theoretical prediction for the
pipe wall response is reserved until a comparison can be made
with the experimental results.
5.3 DISCUSSION OF CALCULATION METHOD
It has been shown that the displacement response of a
thin-walled cylindrical pipe to the wall pressure field applied
by turbulent water flow can be readily calculated from a knowl-
edge of the statistical flow properties and vibration charac-
teristics of the pipe. The method employed is quite general
but is subject to certain limitations.
It was assumed in the theory that the pressure correla-
tion lengths are very small compared with the pipe dimensions.
This assumption was borne out by the experimental data for the
longitudinal and circumferential correlation lengths. In this
case the joint acceptance functions will be independent of the
mode numbers.
The empirical scaling law developed for the power spec-
tral density of the wall pressure field indicated that the
spectra can be scaled with flow velocity and frequency as shown
by the method of plotting the normalized spectral density against
the pipe Strouhal number. The scaling of the spectra with pipe
diameter was not investigated. However, it was felt that in
view of the agreement between independent spectral data using
pipes of differing diameter; the Strouhal number dependence was
valid.
The major problem regarding the power spectral density
calculation was the low frequency extraneous noise whose spec-
tral level is a function of the noise transmission in the flow
system. Because of this the method of extrapolating the spec-
trum to low frequencies or Strouhal numbers is subject to
errors.
liT RESEARCH INSTITUTE
48
The effect of water loading has been shown to compli-
cate the calculation of the pipe wall response. Approximations
were made to estimate the apparent increase in the mass of the
pipe and modal density due to the water loading. It was empha-
sized, however, that further work was necessary to investigate
the natural frequencies of pipe wall vibrations with and with-
out the presence of water. However, such work is felt beyond
the scope of the present investigation.
One significant result from the calculation procedure
is that the response appears to be independent of the pipe
length. This arises from the fact that the longitudinal joint
acceptance term varies inversely with the pipe length while the
modal density is directly proportional to the length. The
product of these two terms in the response equation leads to
the conclusion that the response is not affected by the pipe
length. On the other hand, the pipe wall response is dependent
on the pipe diameter because the power spectral density of the
pressure fluctuations varies with the pipe diameter and Strouhal
number.
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VI. MEASUREMENTS OF THE PIPE WALL RESPONSE AND COMPARISONS
BETWEEN THEORY AND EXPERIMENT
This section contains the results of measurements of
the vibrations of a thin-walled cylindrical pipe due to the
wall pressure field generated by the passage of turbulent water
flow. The aim of this work was to measure the displacement
amplitude of the pipe wall as a function of both the frequency
and mean flow velocity and to compare the data obtained with
the theoretical predictions. Measurements were also made of
the vibrations induced in the thin-walled cylindrical pipe
coupled to the downstream end of a rigid 90 ° bend and to an
orifice plate of diameter 4.75 in. These tests were carried
out to meet the objectives of the research program under Con-
tract NAS8-20325, to study the effect of environmental influ-
ences on the pipe wall response.
The thin-walled cylinder used in the experimental work
was a 20 ft. long stainless steel pipe section of 6 in. diam-
eter and 0.025 in. wall thickness. A traversing mechanism was
designed and constructed for moving two ultramicrometer vibra-
tion sensors over the pipe wall to detect the flow-induced
vibrations. By means of the ultramicrometer probes, it was
possible not only to determine the wall displacements at vari-
ous positions over the pipe surface, but also to perform space
correlations to identify any predominant modes that may be ex-
cited into vibration. The vibrations induced in the thin-walled
pipe by the wall pressure field (in turbulent pipe flow) gener-
ated by the pipe bend and orifice plate were also detected and
measured using a calibrated accelerometer pickup and compared
with the ultramicrometer data.
An initial series of measurements were carried out to
determine the overall damping factor of the water-filled thin-
walled pipe. The main body of the experimental work, however,
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was concerned with measurements of the pipe wall vibrations
resulting from turbulent flow excitation. Comparisons were
made between the power spectral density of the pipe wall dis-
placements as predicted from the theory for fully-developed
flow and that determined experimentally for various flow con-
ditions (e.g., pipe bends and orifices).
6.1 METHOD OF MOUNTING ULTRAMICROMETERS AND ACCELEROMETERS
In order to detect the pipe wall vibrations, it was
necessary to design and construct a traversing mechanism for
moving the ultramicrometer probes over the pipe surface in the
longitudinal and circumferential directions. It was decided to
use two ultramicrometers to perform space correlation measure-
ments. Because of this, the mounting system was constructed
in such a way that the ultramicrometers could be moved relative
to each other in the required direction. For this purpose two
steel straps were rigidly attached to the pipe sleeves at the
ends of the thin-walled cylinder. A hexagonal rod which was
used as a traversing track was suspended from the end straps
by means of a bracket. In this way it was possible to traverse
the full length of the thin-walled cylindrical working section.
The ultramicrometers and their holders were mounted on
two aluminum rings that were attached to the hexagonal rod and
mounted concentric with the axis of the cylindrical pipe. The
traversing system was arranged so that the ultramicrometer
probes could either be mounted on one concentric ring to per-
form circumferential correlations or alternatively mounted on
separate rings so that the pipe could be scanned longitudinally.
To maintain the correct symmetry between the probe face and
pipe wall, the concentric rings could also be adjusted in the
vertical as well as the horizontal plane. A view showing the
ultramicrometer probes and their mounting system is shown in
Fig. 26.
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The ultramicrometer holders were positioned so that the
probe could first be coarsely adjusted to the approximate clear-
ance between the probe face and pipe wall for the calibration
procedure, and then, by fine micrometer adjustment, to obtain
the correct gap setting of 0.002 in. for balance in the discrim-
inator circuit (see Section III). This procedure had to be
completed for every measuring position over the surface of the
pipe since the ultramicrometer was inaccurate unless the proper
clearance between the probe face and pipe wall was maintained.
The accelerometer pickup used in several of the tests
was a small lightweight Kistler force gage accelerometer (Model
808) having a sensitivity of 50 mV/g. The reason for using the
accelerometer was twofold. First, as has been pointed out above
it was necessary to adjust the ultramicrometer probe for balance
over the linear range in the discriminator circuit for each
measuring position. This procedure was very time consuming
since the pipe wall displacement had to be measured for thirty-
five positions (Section 6.3) in order to obtain the space aver-
age value of the pipe wall response. Second, the use of an
accelerometer provided the means of establishing the validity
of the ultramicrometer data when the measured accelerations
were converted into displacement amplitudes. The accelerometer
was rigidly attached to the pipe wall by means of a thin metal
strap which could be tensioned by a thumb screw around the pipe
circumference. In mounting the accelerometer, care was taken
to insure good contact between the pickup face and the surface
of the pipe.
6.2 DETERMINATION OF THE DAMPING FACTOR
It has been shown in the theory outlined in Section II,
that a knowledge of the damping of the flow-induced pipe wall
vibrations is required in the response calculation (see Section V).
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It was recognized that the overall damping would not only de-
pend on the structural and acoustic damping associated with
the water-filled cylindrical pipe working section itself, but
would also include the effect of other variables in the inter-
connecting pipes joining the working section to the water flow
loop.
These variables would include pipe support brackets,
the flanges at each end of the working section, and the water
columns in the interconnecting pipes. In view of the combined
effect of these unknown variables on the overall damping, it
was necessary to perform in situ measurements of the damping
factor.
For determining the damping factor the pipe wall was
subjected to an impulse from a hammer blow and the resulting
vibrational amplitude signal detected by an ultramicrometer
was fed to an oscilloscope. Both the resonant frequency and
exponential amplitude decay of the signal were determined from
the oscilloscope trace. The damping factor, Q, was found from
the relation (21)
Q = _fT (6.1)
where f is the resonant frequency excited, and T is the time
the amplitude decays to i/e of its initial value. Figure 27
shows the resonant frequency and the amplitude decay curve
taken from the oscilloscope display.
It was found using the impulse technique that only one
predominant mode of vibration at a frequency of about 85 cps
was excited. This made it impossible to verify the assumption
made in the theory that the damping factor Q was constant over
the range of frequencies investigated. It was therefore de-
cided to attempt to excite higher frequencies using an alter-
native approach. The method adopted was to use a loudspeaker
driven by an oscillator through a 75 watt amplifier. The
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loudspeaker was moved to various positions close to the pipe
wall in an attempt to force the pipe into vibration. Unfor-
tunately this method was found to be incapable of coupling suf-
ficient energy into the pipe system to induce resonant vibra-
tions.
It was next decided to remove the thin-walled pipe from
the flow loop and repeat the above method of exciting the pipe
without the influence of the interconnecting pipes and struc-
tural supports. For this experiment the end flanges of the
thin-walled pipe were fitted with steel blanking plates and the
pipe was completely filled with water.
In this case it was possible to induce resonant vibra-
tions of the pipe using the loudspeaker system. The signals
detected by the ultramicrometer were fed through a narrow band
pass filter and displayed on a two-channel oscilloscope. To
investigate the frequencies, the loudspeaker was placed about
midway along the pipe axis close to the wall and the exciting
frequency slowly increased by means of the oscillator. On pass-
ing through a resonant frequency, the pipe responded and the
oscillator and band pass filter were finely adjusted until the
output signal from the ultramicrometer had maximum amplitude.
The oscillator was then switched off, and the amplitude decay
of the signal determined from the resulting oscilloscope trace.
The results of these measurements for frequencies vary-
ing from about 200 cps to 1300 cps are shown in Fig. 28. It
is seen that the damping factor measured using acoustic excita-
tion is independent of the frequency which verifies the assump-
tion made in the theoretical approach. However, the average
value of the damping factor (Q _ 315) for the water-filled
cylinder alone is about an order of magnitude higher than that
obtained from the in situ measurement using the impulse tech-
nique. This would suggest that the vibrational energy that is
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normally dissipated in the interconnecting water columns join-
ing the thin-walled cylinder to the flow loop would be prevented
from occurring by reflection of standing waves from the blank-
ing plates at the cylinder ends.
The significance of this result is immediately apparent
for it indicates that environmental influences play an important
role in determining the magnitude of the damping, and clearly
emphasizes the importance of performing in situ measurements
of the damping. Consequently, the measured in situ value of
the damping factor (Q = 25) was taken as being characteristic
of the actual system damping.
It is apparent from the calculation procedure outlined
in Section V that the pipe wall response to turbulent flow ex-
citation is proportional to the damping factor Q (see Eq. _.20)).
The value of the damping factor used therefore determines
directly the magnitude of the predicted response. If the higher
value obtained by performing damping measurements with the pipe
alone had been used, the predicted response would have been
much higher than that measured experimentally (see Section 6.5).
6.3 MEASUREMENTS OF THE PIPE WALL DISPLACEMENTS
The displacement amplitudes of the pipe wall vibrations
were mostly measured using a single ultramicrometer probe. How-
ever, some subsequent measurements were made using the accelerom-
eter pickup affixed to the pipe wall at preselected points.
For the ultramicrometer tests the probe was moved to selected
positions over the surface of the thin-walled pipe and record-
ings made of the wall displacements. This was necessary in
order to obtain values of the displacement response averaged
over the pipe surface so as to compare the measured displace-
ments with those predicted from the theory.
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The signal resulting from the pipe wall vibrations due
to the passage of turbulent flow was detected in the discrimin-
ator-amplifier circuit of the ultramicrometer and also the
accelerometer when it was used, and fed to a Bruel and Kjaer
i/3-octave frequency analyzer (Type 2112). The output signal
from the analyzer was then applied to the input of a Bruel and
Kjaer graphic level recorder (Type 2305). The level recorder
is basically a self-adjusting potentiometer with an electro _
mechanical drive system for displaying the voltage signals
graphically on moving chart paper as a function of frequency.
This procedure permitted direct plotting of the volt-
age levels in i/3-octave frequency bands by sampling the levels
consecutively at a linear rate from the analyzer. A calibra-
tion voltage, whose level was measured on a true RMS meter, was
applied to the analyzer and recorder to give a reference volt-
age on the recorder. Once the level had been established, the
voltage on the dB scale of the chart paper could be related to
the amplitude displacement of the pipe wall from the known
sensitivity of the ultramicrometer or accelerometer by conver-
sion into displacements. In this way a continuous record of
the RMS vibration displacements of the pipe wall averaged over
various i/3-octave frequency bands could be displayed on the
recorder chart paper for each measuring position over the pipe
surface. A block diagram of the analyzing and recording sys-
tem is shown in Fig. 29.
The first series of measurements were carried out to
determine the background noise detected by the ultramicrometer.
For this purpose the pumps were operated at full speed but with
the flow outlet valves closed. Under these conditions flow was
prevented from reaching the working section. The purpose of
these tests was to insure that the signal-to-noise ratio was
sufficiently high over the frequency range investigated so that
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no correction was required for the noise contribution to the
wall displacement spectra due to the passage of turbulent flow.
A typical chart record of the background noise spectrum is
shown in Fig. 30. It is seen that three major peaks occur in
the spectrum at frequencies of about 25, 50, and i00 cps.
These may be attributed to structural and airborne disturbances
which contain harmonics of a fundamental frequency. The source
of these disturbances probably originated from the engines used
to drive the pumps.
It was found from subsequent measurements of the spec-
tra of the flow-induced pipe wall vibrations, that the back-
ground noise level was at least 15 dB below the total vibration
signal detected in the frequency range i00 to 1,000 cps. At
higher frequencies the major problem was the inherent electronic
noise in the ultramicrometer detection system, which in some
cases was only a few dB below the signal level. Because of
this, no attempt was made to analyze the recorded signals at
frequencies greater than i000 cps. At frequencies below i00
cps, considerable uncertainty existed as to the contribution
the background noise made to the total vibration signal. In
particular, the wall pressure spectrum measurements, discussed
in Section IV, have indicated that at low frequencies the ex-
traneous flow noise emanating from the pumps in the water flow
loop was sufficiently large to cause interference with the
turbulent wall pressure fluctuations. Consequently, the vibra-
tion signals recorded at frequencies below i00 cps were excluded
from the analysis of the pipe wall displacement spectra.
Measurements of the pipe wall vibrations to turbulent
flow excitation were carried out at flow speeds ranging from
248 in/sec to 520 in/sec. For each flow speed recordings of
the spectra were made at 30 ° intervals spanning half the pipe
circumference at five longitudinal stations. These stations
were situated at the mid-point of the pipe section and at two
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positions 2 ft. apart on both sides of the mid-point. Measure-
ments closer to the ends of the 20 ft. pipe section were not
attempted because of the restraining influence of the pipe
sleeves and flanges. Thus, a continuous chart recording at a
given flow speed contained thirty-five records of the wall dis-
placement spectra corresponding to the above measuring positions
over the pipe surface. The space average value of the RMS dis-
placement amplitude in a given i/3-octave frequency band was
obtained from the arithmetic mean of the wall displacements at
the thirty-five measuring positions.
Although considerable scatter between the measured wall
displacements at various positions was apparent, it was diffi-
cult using a single point measuring technique to determine
whether any preferential modes were excited. Variations in
the RMS displacement over the pipe surface by factors of two
or more were noted in the low frequency range. However, at
higher frequencies the differences between the space average
and local point displacements were no more than 30 percent.
Subsequent measurements of the space correlations using two
ultramicrometers revealed that some predominant modes were ex-
cited at frequencies below 160 cps. Figure 31 shows typical
chart records of the displacement spectra of the pipe wall vibra-
tions at several flow speeds. It may be seen that at frequen-
cies below i00 cps several pronounced peaks occur each of which
may be associated with a particular low order mode of vibration.
In the higher frequency range, however, the almost continuous
response indicates that a large number of resonances are ex-
cited. This observation verifies the assumption of continuous
resonant response at high frequencies that was made in the
theory used for predicting the pipe wall response to turbulent
flow excitation.
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A general feature of these records is that in spite of
the averaging effect of the i/3-octave band pass filters, the
spectra at high frequencies are characterized by a multitude
of minor peaks and valleys. It is recognized, however, that
had a slower writing speed been used much smoother response
spectra would have been recorded. A mean line was therefore
drawn through these spectra in order to determine the average
vibration amplitude in each i/3-octave band.
The amplitude decay of the spectra shown in Fig. 31 is
seen to vary with frequency and flow speed. For the lowest
flow speeds the decay rate is about 12 dB/octave. On the other
hand, at the highest flow speed shown, the amplitude decay is
only 9 dB/octave at frequencies ranging from i00 cps to 400 cps.
For the higher frequencies, however, the amplitude again falls
off at 12 dB/octave.
Finally, it was observed during one experiment that the
pipe wall vibration level appeared to increase by at least 3 dB
in the high frequency range. The reason for this occurrence
was not immediately apparent. However, it was subsequently
revealed that the water in the reservoir had fallen below the
level of the entry pipe, causing air to be entrained in the
water (see Section III). It was concluded that the small air
bubbles in the water flow acted as additional disturbances in
the wall pressure field, causing the pipe wall response to in-
crease at high frequencies. However, before any definite con-
clusions can be drawn further investigations of this phenomena
are required.
The data obtained from the above measurements to deter-
mine the space average values of the pipe wall displacements
as a function of frequency and flow speed are presented and dis-
cussed in Section 6.5, where comparisons are made between the
measured and theoretically predicted values.
liT RESEARCH INSTITUTE
59
6.4 SPACE CORRELATIONS OF PIPE WALL VIBRATIONS
Measurements of the displacement spectra of the pipe
wall vibrations for fully-developed flow have indicated wide
variations between the displacements at selected positions over
the pipe surface. This was particularly apparent in low fre-
quency bands where the presence of pronounced resonant peaks
was seen to occur at frequencies in the neighborhood of i00 cps.
In principle it should be possible to identify the pre-
dominant modes by performing space correlations in narrow fre-
quency bands. For this purpose two ultramicrometer probes were
used which could be traversed relative to each other in the
circumferential and longitudinal directions (see Section 6.1).
With the pipe wall excited into vibration by turbulent
flow, the signal outputs from the probes were passed through
two phase-matched Bruel and Kjaer I/3-octave band pass filters
(Type 2112) and fed into the input terminals of the electronic
analog correlator. The operating principles of the correlator
have been described previously in Section III.
The shape of the modes excited into vibration was deter-
mined from the variation in the correlation coefficient or phase
change that occurred as one probe was moved relative to the
other over the pipe surface. The results obtained from spatial
correlations in the circumferential direction are shown in
Fig. 32. It is seen that in the i/3-octave bands centered on
frequencies of 80 and i00 cps, two circumferential standing
waves (n=2) are excited. Because the filter bandwidth was
relatively wide, it was impossible by this method to determine
the exact resonant frequency. However, the mode shape at 80
cps is more highly correlated than at i00 cps suggesting a
possible intermodal coupling or interaction process at fre-
quencies centered about 80 cps.
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In order to identify the longitudinal mode, m, that
was associated with the circumferential mode (n=2), one probe
was positioned at one end of the 20 ft. pipe section, while
the other probe was moved away from its along the pipe axis.
It was found from the observed variation in the correlation
coefficient that a phase change of about 180 ° occurred between
the probes at the opposite ends of the pipe section. This in-
dicated the presence of one half wavelength (m=l) between the
pipe supports.
The existence of an acoustic standing wave in the water
column of fundamental frequency 80 cps whose nodes were situ-
ated at the pipe supports was considered. However, in this
case the distance corresponding to one half wavelength would
be about 30 ft. as calculated from the free field sound velo-
city in water. While this distance exceeded the length of the
pipe section, it was felt that acoustic disturbances accounted
for a significant proportion of excitation field at low fre-
quencies due mainly to the transmission of pump noise in the
flow system.
Finally, the results of narrow band circumferential
space correlation measurements at frequencies of 160 cps and
200 cps are shown in Fig. 33. It is seen that the correlation
is virtually zero over the pipe circumference indicating that
at higher frequencies many resonances are contained within the
selected bandwidths. The fact that no predominant modes are
excited is supported by the results obtained from measurements
of the wall vibration spectra (see Fig. 31).
6.5 COMPARISON OF MEASUREMENTS WITH THEORETICAL PREDICTION
It has been shown in Section V that the displacement
response of the thin-walled pipe to fully-developed turbulent
flow can be calculated as a function of the frequency and flow
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speed. In this section comparisons are made between the pre-
dicted and measured values of the displacement response for
the following flow conditions: (i) fully-developed pipe flow,
(2) flow downstream of a 90 ° pipe bend at various axial and
longitudinal locations of the thin-walled pipe coupled to the
bend, and (3) flow generated by a 4.75 in. diameter orifice
plate installed at the upstream end of the 6 in. diameter thin-
walled pipe. The measurement of the wall displacement under
these conditions were similarly taken at various positions along
the pipe section downstream of the orifice plate.
6.5.1 Fully-Developed Turbulent Flow
Measurements of the wall displacements averaged over
the surface of the pipe have been described in Section 6.4.
The predicted values for fully-developed flow were calculated
using the procedure outlined in Section V (see Table II).
Figure 34 shows the result of plotting the average RMS
pipe wall displacement for fully-developed flow against the
frequency for two flow speeds. It is seen that the agreement
between the theoretically predicted values and the experimental
results is remarkably good. At the highest flow speed (U =
520 in/sec), the experimental points are slightly below the
predicted values in the lower frequency range. However, at
the lower flow speed (U = 248 in/sec) the agreement is excel-
lent over the whole frequency range. It may also be noted that
the absolute values of the pipe wall displacements are very
small. For example, at the higher flow speed, the RMS dis-
placement decreases from 30 microinches at about i00 cps to
a fraction of a microinch at I000 cps.
In Fig. 35, the power spectral density of the pipe wall
displacement, _d(f), is shown plotted against the Strouhal
number, fd/U . The theoretical prediction shown represents
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the best-fit curve drawn through the calculated values for the
highest and lowest flow speeds investigated (see Fig. 34).
The variation between these calculated values and the mean line
drawn through them was very small and amounted to less than the
scatter between the experimental points at lower Strouhal numbers.
It is seen from Fig. 35 that the agreement between
theory and experiment for fully-developed turbulence is very
good, particularly in the intermediate Strouhal number range.
At lower Strouhal numbers, however, the theoretically predicted
values for the power spectral density are slightly in excess of
the measured values. The converse appears to be the case at
higher Strouhal numbers. This disparity could be caused by
errors in measuring extremely small pipe wall displacements at
high frequencies. In this region the vibration signals are
only a few dB above the noise levels in the ultramicrometer
measuring system.
It is apparent from the theoretical prediction that the
power spectral density of the pipe wall displacement appears to
follow two separate scaling laws. At lower Strouhal numbers
the spectral level decreases at the rate of 15 dB/octave, chang-
ing to 18 dB/octave at higher Strouhal numbers. The change in
slope would seem to occur at a Strouhal number of about six
(fd/U _ 6). The measured values for the power spectral density
also indicate a rate of decay of 15 dB/octave in the lower
Strouhal number range. However, because of the scatter between
the experimental points at higher Strouhal numbers, it is un-
certain whether the spectral level follows a -18 dB/octave
Strouhal number dependence. It might be pointed out that it
is possible on the basis of the experimental results alone to
suggest that the spectral level decays at the rate of 15 dB/
octave over the whole range of Strouhal numbers. However, the
errors involved in measuring very small pipe wall displacements
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at high frequencies could account for the apparent increase
in spectral levels above the theoretically predicted values
at higher Strouhal numbers.
6.5.2 Varying Flow Conditions
The data obtained from measuring the response of the
thin-walled pipe coupled to the 90 ° rigid pipe bend using the
ultramicrometer pickup is shown in Fig. 36 for the maximum flow
speed (U = 520 in/sec). In Fig. 36, the average RMS wall dis-
placement is plotted as a function of the frequency at various
positions downstream of the 90 o bend. The wall displacements
at three axial stations are shown and represent the average of
seven circumferential readings of the response taken over the
wall relative to pipe bend. Deviations in the wall displace-
ment by factors of two or more were noted. However, it appeared
that no preferential modes were excited at any particular loca-
tion over the pipe surface.
The experimental data for the response of the thin-
walled pipe for fully-developed flow is also shown in Fig. 36.
It is noted that the displacements for the various axial sta-
tions downstream of the 90 ° bend show general agreement with
the response for fully-developed flow. This result indicated
that the large flow velocity gradient known to exist across
the pipe section in the secondary-swirling flow downstream of
the 90 ° bend has no detectable affect on the response at any
particular location. It would seem therefore that the high
mode order response of a thin-walled pipe is unaffected by the
flow conditions downstream of a pipe bend. It must be empha-
sized, however, that it is possible the response of the pipe
at low frequencies and mode orders could, in fact, be drastic-
ally altered by the swirling flow generated by the pipe bend.
However, investigations of the response of the first few pipe
modes were beyond the scope of the present research program.
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In order to check the ultramicrometer data a number of
the above measurements were repeated using the accelerometer
pickup. The accelerometer data are shown in Fig. 37 in which
the power spectral density of the wall displacement is plotted
against the Strouhal number. The accelerations were, of course,
recorded as usual in i/3-octave bands on the logarithmic chart
paper and then converted into displacements using the center
frequency of each I/3-octave band.
Because it was felt that the response of the thin-
walled pipe coupled to a 45 ° bend would be essentially no dif-
ferent from that of the tests on the 90 ° bend, it was decided
to abandon the response tests using the 45 ° bend that were
originally planned in the scope of work. The remaining experi-
mental work was therefore confined to studying the response of
the thin-walled pipe to the flow generated by a 4.75 in. sharp-
edged orifice plate, installed upstream of the 6 in. diameter
pipe section, to a wide range of flow speeds.
Also shown in Fig. 37 are the data obtained from mea-
suring the response of the thin-walled pipe coupled to the
orifice plate. Measurements were made at axial distances of
two, four and eight pipe diameters downstream of the orifice
plate. Although not shown in Fig. 37, the measured wall dis-
placements were, within the limits of experimental error, com-
parable in magnitude at each measuring position.
At the lowest flow speed (U = 248 in/sec), the space
average displacement response is virtually identical to that
measured and predicted for fully-developed turbulence and also
compares with the data measured downstream of the 90 ° pipe bend.
However, for the higher flow speed (U = 520 in/sec), the flow
downstream of the orifice was cavitating. The data indicated
that on the average the power spectral density of the displace-
ment response was at least 3 dB greater than that for fully
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developed turbulence. The dotted curve drawn through the ex-
perimental points for cavitating flow shown in Fig. 37 would
indicate that the response decreases at the rate of 15 dB/octave
over the whole range of Strouhal numbers. Obviously further
work covering a wider range of cavitating flow conditions is
required to establish the validity of this result.
Finally, it might be pointed out that during one of the
preliminary tests when the flow was suddenly stopped by shut-
ting off the pumps, the resistance offered by the orifice plate
caused a vacuum in the thin-walled pipe section which resulted
in the collapse of the pipe wall. Because of this, it was
recognized that extreme care must be exercised when shutting
off the pumps. In other words, the flow must be gradually re-
duced by slowly decreasing the speed of the engines driving
the pumps and not suddenly stopping the flow as in this par-
ticular case.
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VII. CONCLUSIONS AND RECOMMENDATIONS FOR FURTHER WORK
The object of the work described in this report was to
predict the vibrational response of thin-walled pipes to the
wall pressure field arising from the passage of turbulent fluid
flow. The approach used for calculating the response was essen-
tially different to previous investigations of structural exci-
tation by random pressure fields which were primarily concerned
with the low order modal response. In the present work atten-
tion has been directed towards the analysis and measurement of
the response of thin-walled pipes to a wide variety of turbu-
lent flow conditions at high mode numbers and frequencies.
Two basic assumptions were made in the theoretical
analysis for fully-developed turbulent flow that were subse-
quently verified experimentally. First, it was assumed that
the turbulent wall pressure fluctuations were correlated over
areas that were small compared with the surface area of the
pipe. In this case the excitation of each high order mode
could be regarded as being independent of the mode shape.
Secondly, at high frequencies a region of high modal density
existed such that the response over a finite frequency band
embracing many modes could be represented by a smoothed spec-
trum function. This permitted the average response over a wide
range of finite frequency bands to be investigated, and is in
contrast to the succession of well-separated predominant reson-
ant peaks that would be associated with the low order modal
response of a structure.
On the basis of the above-mentioned assumptions, a re-
sponse equation was derived for the displacement power spectral
density of the pipe wall. The pipe wall response was expressed
in terms of the damping factor, the effective mass per unit
area of the pipe, the modal density, and certain of the statis-
tical properties of the wall pressure field in fully-developed
liT RESEARCH INSTITUTE
67
turbulent pipe flow. Consequently, in order to predict the
response it was necessary to measure these statistical proper-
ties and also the pipe damping factor. However, the modal den-
sity and virtual mass of the water-loaded pipe could be calcu-
lated from existing theories.
The experimental approach therefore consisted of deter-
mining the statistical properties of the turbulent wall pressure
fluctuations so that a comparison could be made between the
predicted response of the thin-walled pipe with that measured
experimentally over a wide range of flow speeds and exciting
frequencies. Measurements of the power spectral density of the
wall pressure fluctuations showed very good agreement with the
results from independent investigations° The data obtained for
the wall pressure correlation lengths in narrow frequency bands
verified the assumed form of the space correlation functions
used in the theory for predicting the response of the thin-
walled pipe.
It was concluded from the results of measuring the wall
pressure fluctuations in fully-developed turbulent pipe flow
that while the exciting frequencies varied with the flow speed,
the correlation lengths were essentially independent of the
flow speed.
Measurements of the damping factor emphasized the import-
ance of performing in situ measurements, that is, with the thin-
walled pipe connected to the water flow loop facility. The re-
suits indicated that the environment in which the damping factor
is measured determines its magnitude. For example, when the
damping of the water-filled pipe section alone was measured,
the damping factor obtained was at least an order of magnitude
greater than that determined with the pipe in situ. As a re-
suit of the data obtained from these foregoing measurements,
a procedure was developed for calculating the response of a
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thin-walled pipe to a wide range of exciting frequencies and
flow speeds for fully-developed turbulence. The computational
procedure adopted showed that the response could be predicted
from a knowledge of certain of the flow and structural variables.
Measurements of the pipe wall displacement response to
a wide range of flow conditions were carried out on a long uni-
form cylindrical pipe of given wall thickness and diameter.
The experimental data obtained from measuring the pipe wall
response to fully-developed turbulent flow over a wide range
of Strouhal numbers showed very good agreement with the pre-
dicted response. At low Strouhal numbers it was found that
the power spectral density of the response varied inversely
with the fifth power of the Strouhal number, while at higher
Strouhal numbers the results indicated a sixth power relation-
ship. It was concluded from these data that the method used
for calculating the response was capable of accurately predict-
ing the response of a thin-walled pipe to fully-developed tur-
bulent flow excitation over a wide range of Strouhal numbers.
Experimental data for the response of the thin-walled
pipe to the wall pressure fields generated by pipe bends and
orifice plates showed that for non-cavitating flow conditions
the pipe wall response was of the same magnitude as that mea-
sured and predicted for fully-developed turbulence. This im-
plied that the method used for calculating the high frequency
response to fully-developed flow can also be employed to pre-
dict the response of a straight section of thin-walled pipe
situated downstream of an orifice plate and pipe bend. On
the other hand, for cavitating flow conditions preliminary re-
suits indicated that, on the average, the mean square value
pipe wall response increases by about 3 dB. However, the re-
sponse appeared to decrease at the rate of 15 dB/octave as was
the case for fully-developed flowo
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The results obtained from the present investigation
suggested several possibilities for further work. Although
variations in the dimensions of the thin-walled pipe were not
investigated experimentally, the theory developed for calculat-
ing the response indicated that the power spectral density of
the pipe wall displacement varies inversely with the square of
the wall thickness while the pipe diameter can be expressed in
terms of the Strouhal number. Consequently, an experimental
study to investigate the effect of varying the pipe dimensions
on the response would be a useful extension to the present work.
Other experimental investigations for future work might
include the effect of different flows on the pipe wall response.
For example, one experiment indicated that the presence of air
bubbles in the water increased the magnitude of the high fre-
quency response. This could be investigated further by gener-
ating air-water mixtures under controlled conditions, and mea-
suring both the wall pressure field and pipe wall response to
two-phase flow excitation. A more general study, however,
would be a more detailed examination of the effect of fluid
cavitation on the response. Preliminary data for cavitating
water flow downstream of the orifice plate indicated that the
pipe wall response can be drastically altered by cavitating
flows. The present water flow facility is particularly suit-
able for a continuing investigation since the internal pressure
can be varied independently of the flow speed. In principle,
this makes it possible to produce cavitation in given pipe
sections by reducing the local static pressure below the water
vapor pressure.
In concluding, it is felt that the work described in
this report represents an important contribution to the subject
of structural excitation by random pressure fields. The pres-
ent investigation considered the particular case of the response
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of thin-walled pipes to turbulent flows. The writer sees no
reason, however, why the approach used in this research study
cannot be applied to other problems associated with the struc-
tural response to the wall pressure fields generated by various
unsteady flow conditions. This would require experimental in-
vestigations of the statistical properties of the wall pressure
fluctuations in order to obtain the necessary empirical data
to calculate the vibrational response of the structure.
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APPENDIX A
METHODS FOR CALCULATING THE NATURAL FREQUENCIES AND VIRTUAT.
MASS OF A FLUID-LOADED CYLINDRICAL SHELL
The equations of motion and natural frequencies for small
radial vibrations of a finite cylindrical shell with and without
the presence of an internal fluid medium are well known (14'22)
A method is outlined in this section that could be used to cal-
culate the natural frequencies and virtual mass of a water-filled
cylindrical shell (Section V).
It has been shown by Berry and Reissner (13) that for a
simply supported cylindrical shell containing internal fluid,
the approximate frequency equation for small radial motions of
the shell wall is
0
c 2 [(I__2)_m42 _ s --____
_mn -- 2 L|(n2+_m 2)2a (I+_B)
h 2 2 (l-_2)p L _I
+- (n2+_m2) + a(2n2+_m2
12a 2 2Eh
(A.1)
where Sm = m_a/L, _mn is the natural frequency of the fluid-
loaded shell for the m,n mode of vibration, and PL is the inter-
nal fluid pressure. The remaining symbols in Eq. (A.I) are de-
fined in Appendix B. The terms inside the closed bracket on the
right-hand side of Eq. (A.I) represent the contributions to the
frequency caused by the stretching of the shell, wall bending,
and internal pressure respectively.
It might be pointed out that the experiments of Fung
et al (23) and Mixson and Herr (24) indicated that the internal
pressure had a significant influence on the natural frequencies
for both empty and water-filled cylindrical shells. The effect
of the internal pressure has been to increase the natural fre-
quency, and therefore must be accounted for in the frequency
calculations.
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The frequency equation (A.I) is strictly valid only for
a simply supported cylinder. This means that the cylinder ends
must remain circular during radial vibrations. Such boundary
conditions will not be satisfied for the thin-walled cylinder
used in the present investigation as the ends are constrained
by the pipe sleeve and flanges. The correction factor used by
Arnold and Warburton (25) in accounting for clamped ends is to
replace the longitudinal wavelength factor Sm in Eq. (A.I) by
the modified expression
_m' = (m + c) _a/L (A.2)
where c is the correction factor, which may vary between 0.2 and
0.6. This would suggest that at higher longitudinal mode num-
bers, m, the effect of the cylinder end conditions will be less
important.
Referring to Eq. (A.I), the relation between the natural
frequencies of the empty and fluid-loaded shell will be
mn
_mn = (A.3)
(I+_B) I/2
where _mn is the natural frequency of the empty shell and !_B is
the virtual mass factor given by Eqs. (5.9) and (5.12), Section V,
that is
i In (XL)
B = (A.4)
XL In'(XL)
_B - aPL i In (kL) (A.5)
Ps h XL In'(XL)
For a shell of finite length, L, Warburton (14) showed that
XL2 = I._mn___a2 Im_a_ 2
- :t, " - \--f / (A.6)
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Equation (A.6) reduces to Eq. (5.10), page 40, for an infinite-
ly long shell. The natural frequencies of the empty shell can
be evaluated numerically as a function of the longitudinal and
circumferential mode numbers, m and n, from Eq. (A.I) for _B = 0.
Having computed the frequencies, _mn' the argument XL can also
be evaluated from Eq. (A.6) and the values of the Bessel func-
tion B in Eq. (A.4) determined for various circumferential mode
orders, n. The procedure is quite complicated and would require
numerical solutions using a digital computer. However, from a
knowledge of the empty shell natural frequencies, _mn' and fluid-
loading factor (I+_B), the natural frequencies, _mn' for the
water-filled shell could be evaluated.
It has been shown (14), however, that for the radial
vibrations of a long cylindrical shell at low frequencies, the
value of kL is small, and
B -_ i/n (A. 7)
Physically, i/n represents the flexural wavelength per unit cir-
cumferential distance, that is,
i/n = Xf/2_a
The speed of flexural waves in a flat plate (II)
is given by
2 _hCs
cf = fb
(A.8)
of thickness h
(A.9)
where fb is the plate bending frequency.
The flexural wavelength, kf, from Eq.
_f
c f _hc s
fb -3f
1/2
(A.9) will be
(A.10)
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Assuming the shell circumference to be a flat plate loaded on
one side by fluid, then from Eqs. (A. 7) and (A.8)
i i hc s _i/2
Consequently, the virtual mass factor, _B, can be expressed as
(A. ii)
1/2
_,,vv_14---'fh, (A. 12)
Ps
Equation (A. 12) is equivalent to Eq. (5.15) used in Section V
for calculating the variation of the water-loading correction
factor (I+_B) with frequency for the given thin-walled cylinder.
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APPENDIX B
LIST OF SYMBOLS
The following symbols were used in the text except
where otherwise stated.
a
A
Af
B
cf
cL
C
S
!
C
S
d
E
f
h
I
n
j 2 (0o)
jx 2 (0o)
j 2(0o)
Y
L
pipe radius
surface area of pipe
amplitude of narrow band longitudinal correlation
function (see Eq. 2.18)
correction factor for virtual mass (see Eq. 5.9)
speed of flexural waves in shell wall
sound velocity in fluid medium
longitudinal wave velocity in shell material,
l E
cs = _a Ps(l_62)
longitudinal wave velocity in shell material corrected
for fluid-loading (see Eq. 5.17)
pipe diameter
Young's modulus
frequency
pipe wall thickness
Bessel function of the first kind of order n
joint acceptance in narrow band A0o centered on fre-
quency 0o
joint acceptance in longitudinal x-direction
joint acceptance in circumferential y-direction
length of pipe section
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L
X
L
Y
m
m
s
M
e
M
mn
n
NR
N S
_N/Af
P
PL
q
Q
R( )
Sp
t
T
U
C
U
OO
<W 2 >
longitudinal pressure correlation length (Lx = UcTo)
circumferential pressure correlation length
longitudinal mode number in x-direction
mass per unit area of pipe (m s = ps h)
effective mass of pipe (M e = APeh )
generalized mass in m,n mode
circumferential mode number in y-direction
Reynolds number (NR = U d/v)
Strouhal number (N s = fd/U )
modal density (see Eq. 5.18)
longitudinal mode wave number (p = m_/L)
fluctuating fluid pressure at position _ and time t
RMS value of wall pressure fluctuations
internal fluid static pressure
turbulence wave number (q = _/Uc)
damping factor
correlation coefficient
normalized power spectral density of wall pressure
fluctuations (see Eq. 5.2)
time
integration time
convection speed of turbulent eddies
mean flow velocity at centerline of pipe
wall displacement at position _ and time t
overall mean square wall displacement
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W2(f) _ mean square displacement in narrow band Af centered
on frequency f
x,y surface co-ordinates
Ax
_y
Zmn(CO)
transducer separation in longitudinal x-direction
(Ax = Ix I " x21)
transducer separation in circumferential y-direction
(Ay = IYl - Y21 )
mechanical impedance of the m,n mode of vibration
(see Eq. 2.4)
_m
Xf
kL
k
X
inverse of longitudinal pressure correlation length
(_ = i/Lx)
inverse of circumferential pressure correlation length
(_ = i/Ly)
dimensionless longitudinal mode wave number
(_m = m_a/L)
wavelength of flexural waves
dimensionless frequency (k L = ea/cL)
integral scale length of wall pressure fluctuations
in longitudinal x-direction
_y integral scale length of wall pressure fluctuations
in circumferential y-direction
dimensionless mass factor (_ = aPL/Psh )
kinematic viscosity of fluid
D e
PL
Ps
effective mass density of pipe
mass density of fluid
mass density of shell material
Poisson's ratio
T time delay
T
O
eddy lifetime
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_d(f)
_p(f)
6D
%n
_mn
power spectral density of pipe wall displacement
(see Eq. 5.19)
_d(f) = <W2<f)
Af
power spectral density of wall pressure fluctuations
_P(f) = _<p2(f)>
Af
angular frequency (_ = 2_f)
natural frequency of empty shell in m,n mode of
vibration
natural frequency of fluid-filled shell in m,n mode
of vibration (see Eq. A.I)
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